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Abstract

Integrability has always played a significant role in the qualitative study of classical and quantum dy-
namical systems. A real Hamiltonian function H (z, p, t), with convenient combination of the functions of
canonical pairs, say coordinate x and momentum p in the form of kinetic and potential energies, explains
a variety of physical properties of the concerned dynamical system. The Hamiltonian formulation of
dynamics is the mathematically most beautiful form of mechanics and (in fact) the stepping stone to
classical and quantum mechanics. Hamiltonian systems are conserved dynamical systems with a very
interesting algebraic structure in the guise of the Poisson bracket. Hamilton’s equations are invariant
under a very wide class of transformation (the canonical transformations), and this leads to a number of
powerful solutions, which further gave many new examples and some good techniques with the develop-
ment of integrable systems.

A classical Hamiltonian H(x,p) is a function from a 2n-dimensional phase space into the real numbers.
Hamiltonian theory is an important element of integrable systems, whether discrete, ordinary differen-
tial or partial differential equations. The concept of classical integrability was first precisely stated by
Liouville, who defined that a classical Hamiltonian H (z,p) is integrable when it possesses n functionally
independent first integrals in involution with a certain degree of regularity, e.g., being smooth or analytic.
The complexity of the dynamics defined by H, i.e., the regular or chaotic behavior of the orbits of the
Hamiltonian, strongly depends upon its integrability. Particularly, the dynamics is not considered chaotic
when H is integrable.

In the classical theory (Lie, Liouville, etc.) of ordinary differential equations there are remarkable results
which relate the property of integrability of ODEs in quadratures with the existence of continuous symme-
tries and first integrals. Symmetries and first integrals may serve as a solid mathematical foundation for
an algebraic theory of integrable equations. In the case of integrable partial differential equations (PDEs)
such a theory does already exist and proved to be extremely efficient. The key property of integrable
PDEs is the existence of infinite hierarchies of local infinitesimal symmetries generated by a recursion
operator. Characteristic features of integrable Hamiltonian PDEs are multi-Hamiltonian structures and
hierarchies of local conservation laws. Study of these structures enable us to formulate constructive and
very efficient tests for integrability and even solve the classification problem for some classes of equations.

In mathematical physics, one usually deals with concrete classical and quantum models (with a possible

vi
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dependence on free parameters) and tries to compute first integrals of the Hamiltonian explicitly with the
aid of group theory. The notion of complete integrability goes back to the celebrated Liouvilles theorem
for a system with a finite number of degrees of freedom. A quantum Hamiltonian H (z;p) is a self-adjoint
operator acting on a separable Hilbert space H. The naive definition of quantum integrability, which ap-
pears in many research papers, stems from that of classical integrability. Namely, a quantum Hamiltonian
H(z,p) is integrable in this naive sense when there exist n independent linear operators T';(i = 1....... n)
which commute among them and with the Hamiltonian, n being the dimension of the quantum system.
The contrast and resemblance between classical and quantum mechanics and/or field theory has been a
good source of stimulus for theoretical physicists since the inception of quantum theory at the beginning
of the twentieth century. In spite of the well-publicized differences such as the instability (stability)
of the hydrogen atom in classical (quantum) mechanics, the photo-electric effect, and tunneling effects,
classical and quantum mechanics share many common theoretical structures (in particular, the canonical
formalism) and under certain circumstances provide (almost) the same predictions, as exemplified by the
correspondence principle and Ehrenfests theorem

Important new examples of completely integrable classical mechanical systems were discovered by using
“soliton techniques”, such as Lax pairs and bi-Hamiltonian representations. However, a whole new theory
of Poisson brackets for PDEs was developed, starting with the discovery of two Poisson bracket represen-
tations of the KdV equation. This is called the bi-Hamiltonian property and has been established for a
large number of systems. It has become one of the signatures of integrability. Over the years large families
of systems with two or more compatible Poisson brackets (known as multi-Hamiltonian in general) have
been discovered.

In the quantum case, there are two main approaches to this topic, each one corresponding to a different
area of physics. They are widely used to describe complex phenomena in various sciences such as fluid dy-
namics, condensed matter physics, biophysics, plasma physics, nonlinear optics, quantum field theory and
particle physics. The construction of a quantum variant of a given dynamical model, known in classical
formulation (quantization) is not unique. Integrable Systems are systems that, although highly nontrivial
and nonlinear, are amenable to exact and rigorous techniques for their solvability. They can take many
shapes or forms: nonlinear evolution equations, partial and ordinary differential equations and difference
equations, Hamiltonian many-body systems, quantum systems and spin models in statistical mechanics.
A large number of mathematical techniques have been developed to unravel the rich structures behind
these systems.

As is well-known, a classical Hamiltonian system with finitely many degrees of freedom can be transformed
into action-angle variables by quadrature if a complete set of involutive independent conserved quantities
can be obtained. It is a good challenge to formulate a quantum counterpart of the ‘transformation into
the action-angle variables by quadrature’. Liouville finally provided a general framework characterizing

the cases where the equations of motion are “solvable by quadratures”. A quantum Liouville theorem on
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completely integrable systems previously found indeed pertained to this setting.

To study the underlying properties of a dynamical system, it is important to be know that whether the
system is integrable, and if it is, we wants to know as many quantities as possible whose values are con-
served during the time evolution of the equation of motion. The global quantity (invariant) mentioned
is a functional from the space of dependent variables (phase space) to the real (or complex) numbers.
In this context we explore invariants for different classical and quantum integrable systems for both TD
and TID dynamical systems, We are also searching and applying traditional methods for construction of
invariants for different dynamical systems. In the beginning of ninetieth century Ermakov technique was
used to find invariants, so we are also studying different aspects of generalized systems. A complex form
of Hamiltonian is expected to offer some clues about some additional physical properties, which remain
disregarded in real form. Therefore, the study of associated complex dynamical invariants becomes de-
sirable and if they exist and are available, can provide insight into the analysis of a physical problem.
The study of the complex invariants for a dynamical system can further open new vistas at the level of
both classical and quantum mechanics.

The complex Hamiltonian systems are those in which Hamiltonian is non-hermitian and corresponding
eigen values and eigen functions are complex. A consistent physical theory of quantum mechanics can
be built on a complex Hamiltonian that is non-hermitian but instead satisfies the physical condition of
space-time reflection symmetry (P7-symmetry).

A class of complex Hamiltonians called the PT-symmetric Hamiltonian in which the Hamiltonian is non-
Hermitian but eigenvalue is real and this reality of the spectrum is a consequence of the combined action
of parity and time reversal invariance of H (hence the name PT-symmetry). The complex versions of

and p using above symmetry transformation can be written as:
T =x1+1p2; p=p1+iT2.

where (x1,p1) and (22, p2) are real and considered as canonical pairs. In this way, one can transform
a real phase space (x,p) into a complex phase space (z1,ps2,p1,22) with additional degrees of freedom
namely xo and ps. The complex phase space characterized by the equation for x and p are known as
the extended complex phase space (ECPS).

In this approach both z and p are separately made complex by extending each of them to the corresponding
complex planes, i.e. inserting an imaginary component in each. This transformation has been used by
many researchers to complexify the coordinates for phase transformations. However, these studies are
confined to one dimensional system. Not much attempts have been made to extend this approach in
higher dimensions. The extension of such studies in higher dimensions is always desirable to explore the
possibility of finding more applications of this method. With this motivation we have generalize extended

complex approach in two dimensions and got some concrete results for complex dynamical systems.
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Thesis is planned systematically as follows:

Survey and discussion on the classical and quantum dynamical systems is mentioned in chapter 1.
Since integrability plays a major role in this study, we discuss the concept of integrability, different forms
integrability, Hamiltonian systems and Liouville integrability. Their is also distinction between classical
and quantum integrability, which briefly differentiate and describe the different methods for construction
of invariants. The study of real, hermitian, complex and non-hermitian complex Hamiltonian systems are
discussed briefly. We also consider nonlinear broken and unbroken P7T-symmetric Hamiltonian systems.
Construction of invariants using rationalization method carried out in chapter 2. Since this method is
being used for obtaining invariants for physical systems from a century ago, therefore we briefly describe
the method for two dimensional TID system described by the Hamiltonian. We obtain invariants simple,
shifted, coupled harmonic oscillator systems, non-hermitian Hamiltonians and also for Hamiltonian cor-
responding to KdV. We assume a general form of second constants of motion briefly known as invariant
denoted by I up to second order. For all cases it is noticed that the invariant contains either even power
or odd powers of momenta. We have computed for second order invariant in complex one and higher
dimensions for oscillator system considering the crossed terms also.

In chapter 3, dynamic algebraic method has been used for construction of additional invariants corre-
sponding to classical systems. This method is only applicable to TD systems, so we now focus our
concentration on TD integrable systems, particularly on construction of second invariants in two dimen-
sions. Complexification in two dimension is done by P7T-symmetry and the phase space used particu-
larly known as ECPS (Extended Complex Phase Space). The coordinates of phase space in ECPS are
X =z +ip2;Y = x2 +ip3; Pr = p1 + ix3; Py = p2 + ix4. To the best of our knowledge, this ECPS
approach to classical and quantum integrability is new in the literature and partially connects different
approaches to integrability that are used in quantum physics.

In chapter 4, Quantum invariants are constructed for some systems in one and two-dimensions by adding
appropriate quantum corrective terms to the corresponding classical invariants, which are constructed
in chapter 3. For this purpose we have used Moyal’s bracket and got some interesting result that under
what condition a classical invariant becomes a quantum one. Since Classical integrable system (CI) is
not necessarily Quantum Integrable (QI), therefore one has to study the quantum integrability aspects of
nonlinear systems. Therefore the notion of quantum integrability is to be well understood. There is also
a distinction between complete integrability, in the Liouville sense, and partial integrability, as well as a
notion of superintegrability and maximal superintegrability. It seems natural to apply to the definition
of classical integrability Dirac’s prescription of replacing Poisson brackets by commutators of correspond-
ing quantum operators { , } — £[ , ] in order to introduce the notion of quantum integrability.
Finally the role and scope of some of the derived invariants in the context of various physical problems
are highlighted. We highlight some applications of dynamical invariants in different branches of science

which seems to be vital for understanding the system dynamics.



Chapter 1

Survey of Classical and Quantum
Dynamical Systems

1.1 Introduction

Integrability of a dynamical system is a concept which is widely discussed for a long time in physics,
mathematics and somewhat differently in different contexts. It can also be considered as a mathematical
property that can be successfully used to obtain more predictive power and quantitative information to
understand the system globally . A mathematical model may help to explain a system and to study the
effects of different components, and to make predictions about behaviour. Integrability is one such prop-
erty that can be successfully used [1, 2] to get more predictive power. There are various circumstances
in which interest in integrability can arise.

In past non-linear ordinary and partial differential equations are generally used to study for the de-
scription of natural phenomena, such as weather changes, growth of population, non-linear dynamical
systems, solitary waves, propagation of light in optical fibre, fluid and plasma turbulence, neuron’s initi-
ation and propagation, energy landscapes in glassy systems medical imaging. etc [3, 4, 5]. The evolution
of typical dynamical systems is often described by nonlinear ordinary and partial differential equations.
Characteristically, these nonlinear dynamical systems show regular as well as chaotic trajectories in phase
space, depending on the number of dependent variables involved, the nature and the range of the external
forces and the parameters involved, and the energy of the system. As a lot of parameters are involved
in equation of motion, so sometime it difficult to find an exact analytical close form of solution of the
problem. The assimilation, characterization, analysis and apportionment of regular and chaotic regimes
of dynamical systems are in general obstructed by the absence of systematic and well defined analytical
techniques to handle them.

It is, in fact, one of the important problems in nonlinear dynamics to identify when a given system displays
regular motion. One has to identify the Hamiltonian or non-Hamiltonian systems, and should confirm

that under what conditions the system becomes completely integrable and when it is non-integrable [6]
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exhibiting irregular or chaotic motion. Then naturally, the question which arises in this regard is: what
is meant by integrability and how does it occur? The answer to the former question is somewhat vague
as the concept of integrability is itself in a sense not well defined and there seems no unique definition
for it yet. The latter is even more difficult to answer, as no well defined criteria seem to exist to identify
integrable cases.

Integrability can be considered as a mathematical property that can be successfully used to obtain more
prognosticative power and quantitative information to understand the dynamics of the system globally.
Integrable models form a beautiful class of physical models in the sense that they are exactly solvable.
For this reason they have always provided a treasured class of systems where the underlying structures
of the model can be laid bare and understood. To study the cardinal and preeminent properties of a
dynamical system, it is important to know that whether the system is integrable, and if it is, one wants to
know as many quantities as possible whose values are conserved during the time evolution of the system
[2, 6]. The global quantity mentioned above is a function form the space of dependent variables, of the
phase space to the real (or may be complex) systems. This function is in the literature variously called
as a integral of motion, conserved quantity, constant of motion, second invariant etc (since first one is
Hamiltonian itself). There can be several, even an infinity of constants of motion depending on the num-
ber of degrees of freedom present in the system. One can learn a lot about nonlinear dynamical systems
as the invariants are the analytic functions, and analytic results are much easier to use, to interpret and
to generalize. Treating the integrable case as basic zeroth order exact solutions, it can also be further
utilized to develop suitable schemes in order to deal with non integrable systems. From literature, one
can follow that the integrability nature of a dynamical systems has been methodically investigated using
the following two broad understandings [2].

The first one uses essentially the methodical meaning: integrable - integrated with the required number
of integration constants; non-integrable - proven not to be integrable. This unconstrained definition of
integrability can be related to the existence of single valued, analytic solutions, for non-linear ordinary
or differential equations leading to the notion of integrability in the complex plane.

The second conception, particularly applicable to Hamiltonian systems, is to search for a sufficient num-
ber of single valued, analytic, involutive integrals for a Hamiltonian system with n-degrees of freedom,
so that the associated Hamilton’s equations of motion, in principle, can be integrated by quadratures in
the sense of Liouville.

In the context of differentiable dynamical systems, the notion of integrability refers to the existence of
invariant, regular foliations; i.e., ones whose leaves are embedded submanifolds of the smallest possible
dimension that are invariant under the flow. There is thus a variable notion of the degree of integrability,

depending on the dimension of the leaves of the invariant foliation. This concept has a refinement in the
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case of Hamiltonian systems, known as complete integrability in the sense of Liouville (see below), which
is what is most frequently referred to in this context.

An extension of the notion of integrability is also applicable to discrete systems of lattice model such
as Toda lattices. This definition can be adopted to describe evolution equations that either are finite
difference equations or systems of differential equations.

The distinction between integrable and nonintegrable dynamical systems thus has the qualitative im-
plication of regular motion vs. chaotic motion and hence is an intrinsic property, not just a matter of

whether a system can be explicitly integrated in exact form.

1.2 Hamiltonian systems and Liouville integrability

We shall now move onto the next level in the formalism of classical mechanics, due initially to Hamilton
around 1830. While we wont use Hamiltons approach to solve any further complicated problems, we will
use it to reveal much more of the structure underlying classical dynamics. The basic idea of Hamiltons
approach is to try and place position (z) and momentum (p) on a more symmetric footing.

In the special setting of Hamiltonian systems, we have the notion of integrability in the Liouville
sense. Liouville integrability means that there exists a regular foliation of the phase space by invariant
manifolds such that the Hamiltonian vector fields associated to the invariants of the foliation span the
tangent distribution. Another way to state this is that there exists a maximal set of Poisson commuting
invariants (i.e., functions on the phase space whose Poisson brackets with the Hamiltonian of the system,
and with each other, vanish).

In finite dimensions, if the phase space is symplectic (i.e., the center of the Poisson algebra consists only
of constants), then it must have even dimension 2n , and the maximal number of independent Poisson
commuting invariants (including the Hamiltonian itself) is n . The leaves of the foliation are totally
isotropic with respect to the symplectic form and such a maximal isotropic foliation is called Lagrangian.
All autonomous Hamiltonian systems (i.e. those for which the Hamiltonian and Poisson brackets are not
explicitly time dependent) have at least one invariant; namely, the Hamiltonian itself [7, 8, 9], whose
value along the flow is the energy.

There are, of course, many approaches, which one can try to search invariants if the system seems to
be integrable. However, in practical problems the prospects of integrability should be tested by other
means, e.g. numerically and by singularity analysis [10, 11]. If the system does not fail either test, the
next step would be to search for the invariant(s).

An integrable system in classical mechanics is one, which has n independent single valued first integrals
of motion F,(q,p), here m = 1,2,.....n exist which are in involution and they satisfy

OFy OF,  OF, OF,
Jdq; Op; Op; 0¢; ’

[qu Fn]PB =
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where [.,.]pp is the Poisson bracket. If F,, = H and the Poisson bracket vanishes then F},, is constant of
motion. Classical Hamiltonian system of n degrees of freedom is said to be classical integrable if there
are (n — 1) independent, well defined global function exist and there Poisson bracket with each other and

with Hamiltonian H (x, p, t)vanishes, i.e.

dl
—=|I,H =0.
dt [7 ]PB

This implies that the constancy of I depends on the Hamiltonian, H, and in particular H itself is a con-
stant of motion for time independent (TID) systems and so are the functions of H. For the invariant I
to be nontrivial, we must, therefore, require that I is functionally independent of H. The global quantity
mentioned above is a functional from the space dependent variables (phase space) to the real (or complex)
numbers. This function in literature is called by different names such as “constant of motion”,“second
invariant”, “conserved quantity” and “integral of motion” etc. There can be several constants of motion
depending upon the number of degrees of freedom present in a system. The integral of motion is helpful in
the reduction of the order of differential equation satisfied by a dynamical system. Once these invariants
for a system are known then solution of equation of motion merely reduced to quadrature [11, 12].
Emmy Noether, 1918 (was an influential German lady mathematician) determined the conserved quan-
tities for every system of physical laws that possesses some continuous symmetry. As an example, if a
physical experiment has the same outcome at any place and at any time, then its laws are symmetric
under continuous translations in space and time: by Noether’s theorem, these symmetries account for
the conservation laws of linear momentum and energy within this system, respectively.

First examples of a physical invariant is the speed of light under a Lorentz transformation and time under
a Galilean transformation. Such space time transformations represent shifts between the reference frames
of different observers, and so by Noether’s theorem invariance under a transformation represents a funda-
mental conservation law. For example, invariance under translation leads to conservation of momentum,
and invariance in time leads to conservation of energy. In the current era, the immobility of polaris
(the North Star) under the diurnal motion of the celestial sphere is a classical illustration of physical
invariance. The above discussion, clearly establishes the importance of invariants as far understanding
of dynamics is concerned. In the next section, we give a brief description of various functional forms of

invariants used in literature.

1.3 Different form of invariants

Invariants are important in modern theoretical physics, and many theories are expressed in terms of their
symmetries and invariants. In our present work we are looking out for the second invariants, so it is

essential to know what is meant by “invariants” of a dynamical system.
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Consider a function I in phase space F(z;,p;) for a Hamiltonian system. At the initial time ¢y the
function I will get a value, I(tp), which is determined uniquely through the initial values z;(¢o) and
pi(to), i = 1,2,..., N. As time evolves the coordinates evolve according to the Hamiltonian equations
of motion and as a result, the value of I may also change. If, however, the value of I remains constant
under the motion, then I is called a constant of motion or integral or invariant. Note that the constancy
of I depends on the choice of the Hamiltonian H, and in particular H itself is a constant of motion for
autonomous systems. As an invariant is basically a phase space function which is in involution with the
Hamiltonian as well as other invariants, if they exist for the system.
For the invariant to be nontrivial, it is required that I must be functionally independent of H. Functional
independency of two functions K and L is easily tested by considering 2N x 2N Jacobian 9(K, L)/0(x;, p;)
and if its rank is two then K and L are functionally independent. Although, various functional forms of
invariants are investigated and discussed in literature [2], but here we describe only a few widely used
forms of invariants.
Invariants in polynomial form
Energy of dynamical system usually expressed as sum of kinetic energy and potential energy. There is a
special status of the kinetic energy term in the Hamiltonian. Therefore, a second invariant is often found
[2, 6] to possess a polynomial form in momenta. Further the degree of polynomial is the order of the
invariant.
In general, for a two dimensional system, an ansatz for a n’th order invariant can be made as
1 1 1

I'= a0+ ai§i + 570i;8i&j + 570ijk€i&i8k + J70ijm&i& &L+ oo (1.1)
where & = @; and 1,7, k,l,... = 1,2. The coefficients ag, a;, a;j, @k, @ijii, -... etc. are the functions of
coordinates only and these coefficients are symmetric with respect to any interchange of their indices
ie. a;; = aj; etc. Note that, for a autonomous Hamiltonian which is even power in momenta (i.e. it is
invariant under the time reflection symmetry), the invariant will contain either even or odd power terms
in momenta. However, if the potential term in H involves momentum-dependence, then all the terms
upto desired order in the invariant should be considered.
Invariants in rational form
Now we consider invariants as rational [4, 13] functions of the momenta p’s. In particular, invariant I for
a system is considered of the form

R
I=2=
S

)

where R and S are polynomials in momenta and S # 0, so that not only S~—! exists but also RS™! = S7!'R

holds. Clearly, the vanishing of the Poisson bracket of this form of I and H requires

S[H,R]pp = R[H, S|pB,
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which is equivalent to the pair
[HaR]PB:GRv [H,S]PB:GS,

with G as some rational function of momenta. It is worth to mention that if I = R/S is an invariant of
the system then
I=(aR+bS)/(cR+dS),

is also an invariant with a, b, c and d are arbitrary constants for which, ad — bc # 0.

Transcendental form of invariants

The generalization of rational form is called as transcendental form. Hence the rational invariant provides
the transcendental invariants. By definition, a transcendental invariant [4, 13] I is an arbitrary function

K of two different polynomials R and S in momenta
I=K(R,S).
The Poisson bracket of H and I yields
Kr[H,R]+ Ks[H,S] =0,
and the function K can be solved from the above equation only if
[H,R] = GP(R,S),

[S,H] = GP:(R,S),

where P;’s are some polynomials in R and S. In this case, not only the functional form of K but also
the degrees of polynomials R and S will suggest further classification of transcendental invariants.

In literature there also exist many other forms of invariants depending upon the requirement of a particular
physical situation. In spite of large number of forms of invariants, the polynomial form is widely accepted
one and utilized in different studies. We have also used the polynomial form of invariants in our studies.

After a brief introduction of invariants, now we consider the notion of integrability in next the section.

1.4 Integrability

In physics and mathematics, completely integrable systems, especially in the infinite dimensional setting,
are often referred to as exactly solvable models. This obscures the distinction between integrability in
the Hamiltonian sense, and the more general classical dynamical systems sense. An imprecise notion
of exact solvability as meaning: The existence of sufficient number of invariants, in terms of which the
solutions may be expressed. Integrability of a dynamical system is a concept which is widely discussed

for a long time in both physics and mathematics because it means the existence of some interesting
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geometrical structures in the phase space. In physical terms it is a property related with regular behavior
and predictability. In all the areas of physics mathematical modeling which give rise to differential
equations the modeling process includes the solution of those differential equations, be they (systems
of) ordinary differential equations or partial differential equations. If this be possible in some sense, the
system of differential equations is said to be integrable. (Note that this exclude numerical integration
since this requires merely the existence of a continuous solution and that property can even be found in
chaotic/turbulent systems.) A critical question is the meaning of Integrability. There are four possible
ways to prescribe integrability. They are

(1) the ability to display a nonlocal functional equation involving the dependent and independent variables;
this need not be explicit and, should the equation be implicit, the inversion by means of the Implicit
function theorem need be no more than local,

(ii) the existence of a number of functionally independent first integrals/invariants equal to the order of
the system in general and half that for a Lagrangian system as a consequence of Liouvilles theorem [1],

(iil) the existence of a sufficient number of Lie symmetries to reduce the differential equation (or system;
unless otherwise obviously the singular implies the plural) to an algebraic equation and

(iv) the possession of the Painleve Property.

These above mentioned concepts are not entirely equivalent. In particular (iv) requires that the solution
be analytic or possess no more than algebraic branch points in the complex plane (planes for more than
one independent variable) and this is not demanded by (i), (ii) and (iii) although, of course, the idea that
a solution must be analytic to be considered as a solution has been with us since the days of Poincare [5].
Even (i) and (ii) are not equivalent since it is not always possible to eliminate nonlocally the derivatives
from the functionally independent first integrals/invariants. Case (iii) differs from (i) and (ii) since the
final algebraic equation is in terms of the invariants of the symmetries used in the reduction of order
and the reversal of the process on the assumption that a nonlocal solution of the algebraic equation
exists requires a series of quadratures which one may not be able to perform in closed form. In the
case of Lagrangian systems the celebrated theorem of Noether (references therein book [9, 12]) allows the
identification of (ii) and (iii). The precise nature of the relationship between (iii) and (iv) has yet to be

revealed. In the following two subsections we define the classical and quantum integrability.

1.4.1 Classical integrability

In classical mechanics the most common definition of integrability is that of Liouville integrability. Sup-
pose we have a system with N degrees of freedom, that is, we have N coordinates ¢; and N conjugate

momenta p;, with Poisson bracket [¢;, p;] = d;;. This system is said to be Liouville integrable if there are
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N independent, well defined, global functions Ij(p, ¢) such that
I, I;] =0, v i,7,

ie. all I,’s are involutive. In case of time independent (TID) systems, one of the I,,’s is H itself.
In principle, there can be more than N functionally independent invariants, but they may not be in
involution.

List of some well-known classical integrable systems

1. Classical mechanical systems (finite-dimensional phase space):
e Harmonic oscillators in n dimensions
e Central force motion (Newton)
e Two center Newtonian gravitational motion (Euler)
e Geodesic motion on ellipsoids (Jacobi, 1838)
e Calogero-Moser-Sutherland models (in the 1970s)
e Neumann oscillator (lattices of N interacting particles, a variant of spherical harmonic oscillator)
e Swinging Atwood’s machine with certain choices of parameters

e Integrable Clebsch and Steklov systems in fluids (Motion of a rigid body in ideal fluids in some

special cases; Clebsch, Steklov, Kirchoff)
e Lagrange, Euler and Kovalevskaya tops (Motion of a rigid body about a fixed point.)
2. Integrable lattice models

e This type of Hamiltonian was first considered by Morikazu Toda. Toda lattice (solid state physics.

It is given by a chain of particles with nearest neighbor interaction described by the equations of

motion
dont) = e-and=an=10) _ ~(aln+1.0)=a(n.0)
dt ) )
4 (n,t) = p(n,t)
dtq ) - p ) )

where q(n,t) is the displacement of the n-th particle from its equilibrium position, and p(n,t) is its
momentum (mass m=1).)

The Hamiltonian of the Toda lattice is given by

N-1
H(q17 -y N, P1, 7pN) = Z pf —+ Z edi—4i+1

=1 =1

N =
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e Ablowitz-Ladik lattice (nonlinear differential difference equations, Ablowitz-Ladik, 1975.)
e Volterra lattice {4; = w;(wiy1 — wi—1),4=0,1,2,....}
3. Integrable systems of PDEs in 1 + 1 dimension
e Korteweg-de Vries equation (us = Uz + uty; 1895)
e Sine-Gordon equation (uy + Uz, = sinu; 1898)
e Nonlinear Schrodinger equation (idy) = —3821 + K1b[*1))
e Boussinesq equation {?;T‘; + 2 (wd2) + g%’; 1877}
e Nonlinear sigma models {£ = $g(0"%,,0,%) — V(2)}

e Classical Heisenberg ferromagnetic model (spin waves, Hamiltonian H for the Heisenberg ferro-
magnet: H = —%J Z” S;-S; —gup> ;H-8;, where J is the exchange energy, the operators S
represent the spins at Bravais lattice points, ¢ is the Land g-factor, up is the Bohr magneton and
H is the internal field which includes the external field plus any “molecular” field. Note that in the
classical continuum case and in 1+1 dimensions Heisenberg ferromagnetic equation has the form

St =S x Sxm)
e Classical Gaudin spin system (Garnier system, 1919)

e Landau-Lifshitz equation (solid-state physics, the (LLE), is a PDE describing time evolution of

magnetism in solids)
e Benjamin-Ono equation (u; + uu, + Hug, = 0,1967, where H is the Hilbert transform.)
e Dym equation (u; = W ugpy; 1966, M. D. Kruskal.)
e Three wave equation
4. Integrable PDEs in 2 + 1 dimensions

e Kadomtsev-Petviashvili equation (1970, a generalization in 142 of the Boussinesq and KdV and

equations)

e Davey-Stewartson equation (ius + Colzg + Uyy = €1 |u|2u + coudy; 1974, describe the evolution of a

three-dimensional wave-packet on water of finite depth.)

e Ishimori equation (first example of a nonlinear spin-one field model in the plane that is integrable,

Y. Ishimori, 1984)

5. Other integrable systems of PDEs in higher dimensions
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e Self-dual Yang-Mills equations

There is also a distinction between complete integrability, in the Liouville sense, and partial integrability,
as well as a notion of superintegrability and maximal superintegrability. Essentially, these distinctions
correspond to the dimensions of the leaves of the foliation. When the number of independent Poisson
commuting invariants is less than maximal (but, in the case of autonomous systems, more than one),
we say the system is partially integrable. When there exist further functionally independent invariants,
beyond the maximal number that can be Poisson commuting, and hence the dimension of the leaves of
the invariant foliation is less than n, we say the system is superintegrable. If there is a regular foliation
with one-dimensional leaves (curves), this is called maximally superintegrable.

A certain class of systems, possesses not only N but 2N — 1 independent constants of motion are known
as superintegrable or overintegrable [14]. The best known cases of this particular class of systems are the
N-dimensional harmonic oscillator, time dependent (TD) one dimensional harmonic oscillator.

List of some well-known superintegrable systems

1. Dynamical systems (finite-dimensional phase space):
e Harmonic oscillators in n dimensions (Energy, Angular momentum, Fradkin tensor).
e Central force motion (Kepler system; Energy, Angular momentum, Runge-Lenz vector).
e Hydrogen atom (quantum superintegrable systems)

Additional examples of superintegrable classical systems are the Fokas-Lagerstrom potential [15], the
Smorodinsky-Winternitz potential [16], the Holt potential [17], and the Hartmann potentials [18] and the
hydrogen atom in a linear electric field, the Toda chain [19]. In next section we will explain the quantum

integrability of dynamical systems.
1.4.2 Quantum integrability

The apprehension of integrability in quantum mechanics comes naturally as it make a sweeping assump-
tion of a similar type in classical mechanics. A quantum mechanical system described by the stationary
Schrodinger equation

Hy=Ey, H=—=V>+V(z1,......2y),

is completely integrable if there is a set of (n — 1) algebraically independent linear operators X,, a =

1,2,...,n — 1 commuting with the Hamiltonian and among each other
[H, Xa] =0, [Xaa Xb] =0.

The operators X,, X; are usually assumed to be polynomial in the momenta with coordinate dependent

coefficients. The existence of such commuting operators lead to separation of variables in the Schrodinger
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equation. In the quantum setting, functions on phase space must be replaced by self-adjoint operators
on a Hilbert space, and the notion of Poisson commuting functions replaced by commuting operators.
Since there is no clear definition of independence of operators, except for special classes, the definition of
integrable system, in the quantum sense, is not yet agreed upon. The working definition that is mostly
used is that there is a maximal set of commuting operators, including the Hamiltonian, and a semiclassical
limit in which these operators have symbols that are independent Poisson commuting functions on the
phase space.

Quantum integrable systems can be explicitly solved by Bethe ansatz or quantum inverse scattering
method. It has become widely known [21] that there is a one to one correspondence between operators

A in Hilbert space and functions A(q,p) on phase space

A= A(g,p)-

The above relationship is known as Wigner-Weyl transformation, which maps the quantum commutator

[A, B] onto the Moyal bracket [22]

(A Blup = %Asin((l/Q)h "B

AR B- 1A R B —p AR B+ (1.2)
B 24 1920 '

Here {A, B} yp denotes the Moyal bracket and A for a n dimensional system is given by

(53 53
<>
"= g~ o) 09

where 01 acts only on the function A and d®) on B. Therefore, in order to obtain the quantum
invariant of the system from the corresponding classical one, the quantum corrections [21, 23] arising
from the terms involving & in the expansion of the sine function in eq.(1.2) need to be incorporated. In

the semiclassical limit A — 0 the Moyal bracket approaches the Poisson bracket
{A,B}MB — ANB = {A,B}pB.

It is also mentioned that if the second invariant is at the most second order in momenta, then the Moyal
bracket simply reduces to the Poisson bracket and the classical and quantum invariants turn out to be
same. For cubic and higher order invariants, the need of quantum corrections arise and only after these
corrections a classical invariant becomes quantum invariant in the spirit of Moyal bracket. Constants of
motion for quantum systems are obtained by adding quantum correction terms, computed using Moyals
bracket, to the corresponding classical counterparts.

List of some well-known Quantum integrable systems

e Lieb-Liniger model
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e Hubbard model
e Heisenberg quantum model

In order to find integrable systems, one needs to find sufficient number of invariants of a system. Therefore
various methods are being devised to meet the quest of invariants and in the following section we discuss

some important systems and methods which have been distinctly proved their usefulness.
Generalized Ermakov systems

Ermakov systems attracted the attention of a great number of research people (see ref. [1] and references
therein) since the last decades. Its central idea was first pointed out by Ermakov (as cited by Noether
in his article [35]) about a century ago i.e. 1885, but the main push on the subject found motivation
in two special virtues of this class of coupled nonlinear systems of equations: velocity between the two
invariants and provides:

(a) Both simple and generalized Ermakov systems possess general solutions that simplify the nonlinear
superposition law

(b) Errnakov systems are amenable to straightforward quantization. In this respect they provide nice
examples of direct quantization of nonautonomous systems.

In 1885 Ermakov obtained a first integral for the time-dependent harmonic oscillator,

#+w(t)z = 0.
by introducing an auxiliary equation

i 1

p+wi(t)p = s

Integral is obtained by eliminating the w? between above two equations and multiplying by the integrating

factor (pi — xzp). It is

1= 3ok — )" + (2/y)? (14)

which is usually called the Lewis invariant, following Lewis rediscovery of it in 1966 using the asymptotic
method of Kruskal [32].
The Ermakov system as discussed by Ray [19], Reid [65] and Lutzky [25] among others. These authors

consider the pair of equations

i+ W (t)s = %f(y/w)

and

i+ Wty = yéxg@/y)
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are associated with invariant
1. . 9
I'= 5@y —ga)” +V(r)]

where V(r fo z)dz+2 fo z)dz and they obtained the third invariant using nonlinear superposition

law [2] known as the Ermakov-Ray-Reid invariant

1 2K
Izi(xy Jz) +2/ f(z dz+2/ dz/ —g(u du——y

f and g depend arbitrarily on their argument and K is a constant.

Different methods have been developed to build invariants of mechanical and physical systems, such as
the Ermakov technique [4, 5], the symmetries approach [8] and the discrete symmetries approach [11],
the dynamical algebraic method [2, 21, 39] and the algebraic structure and Poisson methods [37, 39]. Of
all the methods, those making use of the algebraic structure present the additional advantage of being
extended in a straightforward way to the corresponding quantum mechanical systems. In recent year, the
use of a Lie algebraic approach [12] to build dynamical invariants has provided many interesting results.
Several derivations of the dynamical invariant have been proposed in the literature: The exact invariant
(1.4) was first derived by Lewis [1,2] from Kruskals adiabatic invariant. Leach [33] used time-dependent
canonical transformations, Lutzky [25] derived the invariant (1.4) from Noethers theorem and recently
Ray and Reid [24] presented a direct pro the dynamical invariance of (1.4), which assumes, however, that
the auxiliary equation is already known. A physical interpretation of the dynamical algebra generated by
the Hamiltonian the invariant has been given by Eliezer and Gray [34] in terms of the angular momentum

of an auxiliary rotational motion.

1.5 Different methods for search of invariants

The Hamiltonian dynamics systems have been played an important role not only in modern physics,
but also in mathematics, mechanics, engineering science, and social sciences, especially in nonlinear
science, celestial mechanics, and spacecraft attitude dynamics [16]. But traditional Hamiltonian systems
theory is defined in even dimensionality space where good characters have on the structure, so also limit
its application. In 1959, the physicist, Martin D. Kruskal [32] was trying to promote the methods of
Hamiltonian to apply it to the system that does not have existence of Lagrangian, and obtained the
same promotion. Their results, as a promotion theory of the Hamiltonian system, was called generalized
Hamiltonian mechanical systems. Since then, the study of the generalized Hamiltonian systems have
became a hot topic, and they have widely develop the theories and applications, and this included a
series of results. The principle of symmetry is a higher level of law in physics, and conserved quantities
of the dynamical systems can better reveal the profound physical laws. The conserved quantity of a

physical system has a close relation with its symmetry. In 1918, a German woman scientist, A. E.
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Noether [35] first discovered that conserved quantities correspond to some symmetries, then conserved
quantities can be found through symmetries of the system, and since then the theory of Noether symmetry
was established. In 1979, M. Lutzky [25] applied Lies theory to the differential equations of motion for
mechanical systems, and studied Lie symmetries and conserved quantities of a dynamical system. In 1992,
Hojman [36] gave a new conservation theorem, and the conserved quantity was constructed in terms of
a symmetry transformation vector of the equations of motion only. In the past 20 years, researchers
developed the methods of Noether symmetry and Lie symmetry, and obtained many important results
[23-25].

There have been many mathematical methods developed in the past [2, 6, 10, 11, 25, 26, 27, 29, 30,
38, 43] to obtain involutive second constants of motion, that span from elementary algebraic methods
to symmetry considerations evaluated through symplectic group transformations or Noether’s theorem.
Recently researcherseveral author have applied some new methods for construction of invariant [31, 32,
38, 43]. But none of these methods have a universal character, and in most of the cases one or more
adhoc assumptions are to be made for obtaining concrete results. Here, however, we describe only a few
methods for construction of invariants of desired order.

1. Rationalization method

Whittaker [1] introduced the rationalization method for the construction of invariants, second order in
momenta, of TID systems. Subsequently, this method has been used by several workers for finding
invariants of both TID and TD system in one and two dimensions [6, 10, 30, 31, 35, 36, 39, 41]. Since
this method is being used for obtaining invariants systems, therefore, we briefly describe the method

considering a two dimensional TID dynamical system described by the Hamiltonian as

H= (2 +7)~Vizy) (1)

And simultaneously for three dimensional TID dynamical system described by the Hamiltonian as

1
H =5 (pz +p, +02) = V(z,9,2), (1.6)

Assuming the existence of a second constant of motion, I (fourth order polynomial in momenta) for the
system, eq.(1.4), as
1 1 1
I'= a0+ ai&; + 5;ai;€&; + 570ij€i&56k + 7 0imEEEREL + vnvnns (1.7)

As it is noticed earlier that for TID systems, the invariant contains either even powers or odd powers of

momenta [33]. Hence the above equation reduces to
1 1
I'=ao + 50i;&&5 + Jaim&i&i€, (1.8)

where i,j, k,l,... = 1,2,3 y 51 = x'l, 52 = i72, 53 = x.g and A, Qg y Qijgy Qijks Qigkl, etc. are functions of

1, %2, x3 only.
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The invariance of the function I implies dI/dt = 0 i.e. is Poisson bracket and H is the Hamiltonian of
the system. On rationalizing the expression, obtained after using eq.(1.7)

dI
= =L H]pp =0, (1.9)

where [..]pp in eq.(1.9), with respect to the power of &;,&;, ... etc. and their all possible products, we
get a system of over-determined coupled first order differential equations for the coefficient functions
ag, i, Qij, Qijk, Gijki, ---- etc. The mutually consistent solutions of these partial differential equations
(PDEs) for potential V', called here the “potential” equations gives the invariant. As this method gives
exact invariants for a system, one can utilize it to find higher order invariants for both real and complex
Hamiltonian systems in two or higher dimensions. We will elaborate the rationalization method in chapter
2 and 4 for construction of higher order classical and quantum invariants of a number of systems.

2. Lie-Algebraic approach

For obtaining invariants of a variety of TD systems, researchers [2, 21, 37, 39] used the closure property
of dynamical Lie-algebra generated by phase space functions. In this approach one can express the

Hamiltonian H(z,y, ps, py,t) of the system as

H = Zhn(t)Fn(px,pyvxvy,t)v (1'10)

where the set of functions {T'y, ...., ', } are not explicitly TD and coefficient h,,(t)’s are functions of time.

The I'),’s in eq.(1.10) generate a closed dynamical algebra, implies
T, D] =Y CLTy, (1.11)
1

where C! are the structure constants of the algebra. If the T',,’s in eq.(1.11) are not sufficient to close
the algebra then the set of T';, must be extended by adding new I';’s, such that I'; = [[',,, '], until the
closure is obtained along with additional h;(¢)’s which are taken to be zero. It is worth to mention that
the algebra contains the important structural information for the dynamical behaviour of the system
besides its straightforward extension to the quantum realms. Since the dynamical invariant I is also a

part of Lie-algebra, then one can express this as

I(t) :Z)\k(t)rk(pzapyvxvy)a (112)
k

where A, (t)’s are TD coeflicients. The invariance of I(t) for a TD system requires

dl - 01
E:a—i_[*LH]PB:O' (1.13)

Thus, using eq.(1.10) and eq.(1.12) for H and I respectively in eq.(1.13), we get a system of linear, first

order differential equations, namely

At [Z c;;mhm(t)] An =0, (1.14)
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in A\,’s. Therefore, the solutions of these differential equations in turn provide classical invariant of a
given system.

Since Lie-algebraic method gives exact TD invariants for classical systems and can easily be extended in
quantum domains, therefore, we have elaborated this method while constructing complex invariants in
3rd chapter.

3. Transformation-Group method

J. Ray [19] and Burgan et al [20] has introduced and developed this method, based upon the
transformation-group techniques, which deals with the transformation of both dependent and indepen-
dent variables. The unknown coeflicient functions of the transformation are set in such a way that the
form of the equation of motion remains invariant under the transformation. Interestingly, the energy-
integral in the new coordinates turns out to be the desired invariant of the system.

Here, we demonstrate the method for one dimensional TDHO whose equation of motion is given as
i+ wi(t)r = g(t). (1.15)
For the system, eq.(1.15), we use the transformations
"= ———+A@t); ' =D 1.16
¥ = i + A () (1.16)

where C, A and D are arbitrary functions of time ¢. Under these transformations, eq.(1.15) takes the

form
A2 .. . de! .
2 2 /
CD 7 + (2CD + CD)_dt’ +[C 4+ w(t)Cx
+[-CA—2CA - WP*(t)CA—CA—g]=0. (1.17)

Demanding that the form eq.(1.9) remains invariant under eq.(1.16), the coefficients of (dz’/dt’) in
eq.(1.17) must vanish. This yields
D =dt'/dt =1/C?,

and, hence eq.(1.15) becomes

d?a’
dt/2

+ C3[C + w*(1)Cla’ + C3*[—CA - 2CA — W (t)CA— CA —g] = 0. (1.18)

In order to identify eq.(1.18) with the equation (i.e. with the equation of motion for a TID HO)

A2’

o ke’ =0, (1.19)

one has to choose A and C in eq.(1.18) such that

C+wi(t)C = k/C3, (1.20)

A+ (kA/CH + (2CA/C) + g/C = 0. (1.21)
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The energy integral for eq.(1.19) has the form

1(da'\"
I= E(d_f/) + ka2, (1.22)

and after carrying out the inverse transformation, the integral turns
L. 22, L 2
I:§(Ca:—0x+0 A) +§(x/C'+A) . (1.23)

Here, C' and A are the solutions of eqs.(1.20) and (1.21) respectively. Leach [33] has also used these
transformations to find the invariants for some autonomous systems. This method has been widely used
by used to obtain an exact solution of TD Schrodinger equation for three dimensional nonlinear potentials.
4. Lutzky’s approach

This method, based on the formulation of Noether’s theorem [35], is due to Lutzky [25]. This method is
also used by many authors [4, 29, 32] for TD systems in one dimensional systems. For a TD system, the

symmetry transformation is described by a group operator

X = 5(1:,15)2 +n(z,t) 0

= o (1.24)

If the symmetry transformations defined by eq.(1.24) leaves the action
A= /L(:v,:b,t)dt, (1.25)

invariant, then the combination of the terms %—f + ng—é + (n— x{)% + éL, is a total time derivative of
the function f(x,t), i.e.

oL oL . OL . .
§E+na—x+(n—x§)% + &L= f. (1.26)

It follows from this that a constant of motion for the system is

. oL
I'= (6 —mz-—EL+f. (1.27)
In eq.(1.26) 7, € and f are defined as
08 08 On  uon s OF
ot 1T e e T T (1.28)

This method is successfully applied not only to TD harmonic oscillator (TDHO) but also to several of
its generalizations.

5. Method by Struckmeier and Riedel

Jirgen Struckmeier and Claus Riedel [38] have formulated a method for construction of exact invariants
for TD classical Hamiltonians systems. Consider a system of a nonrelativistic ensemble of N particles
of the same species moving in an explicitly time-dependent and velocity-independent potential, whose

Hamiltonian H takes the form

H= Z%[P3+P5+P3] +V(Z, 7,7, F) (1.29)



1.5 Different methods for search of invariants 18

with @, %, andZ the N component vectors of the spatial coordinates of all particles. It is hereby assumed
that the system may be completely described within 6/N-dimensional Cartesian phase space spanned by
the 3N particle coordinates and their conjugate momenta. From the canonical equations, we derive for

each particle i the equations of motion

V(T T, T,)

o (1.30)

T=pr; Pa =
and likewise for the y and z degrees of freedom. The solution functions 7' (t), 7/ (t), Z(t) and
Pa(t), by (t), pL(t) define a path within the 6 N-dimensional phase space that completely describes the

system’s time evolution. A quantity
I=1I[Z ), 7(t),Z(t), pz(t), py(t), D2(t)] (1.31)

constitutes an invariant of the particle motion if its total time derivative vanishes:

ﬁ—g Zg'+g'+g'+ﬂ'+ﬂ'+ﬂ' —()
at ot oz "oy T 92" T ap T ap, Y T ap.tE| T

(1.32)
We examine the existence of a conserved quantity (1.31) for a system described by (1.29) with a special

ansatz for I being at most quadratic in the velocities
I=|fa2(t) + (P2 + P + P2) + fi(z,t)pa + g1(z, t)py + ha(z, t)pz] + fo(T(t), T(t), Z(t),t) (1.33)

The set of functions fa(t), fi(x,t),g1(x,t), h1(z,t) and fo(@t, Jt, Z't,t) that render I invariant are to
be determined.

6. Lax-Pair method

This method for solving the nonlinear differential equations is due to P. D. Lax [26]. In order to obtain

the working knowledge of Lax-Pair method, consider

d
d—ltl =V(u), u=(ur,ug, oo, Upm),
be an autonomous system of first order ODEs. Assume that this system can be written as

W 14,110 = [A0), L) (1.34)

where A and L are n X n matrices and [A4, L] = AL — LA. The n x n matrices L and A are called a Lax
pair and the eq.(1.34) is known as Lax representation.

For finding integrals of motion one can write eq.(1.34) as

dL*
T [A, L*)(t),

then tr(L¥) (k = 1,2,...) are integrals of motion and if L~! exists, then tr(L~!) is also an invariant,
where tr(.) denotes the trace. Here we consider an example to elaborate the method outlined above.

Let H be the Hamiltonian function given as

1 Tro—xT
H(z,p) = 5(pi +p2) + ™77 (1.35)
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Now define

a= le(ﬂﬂzfﬂﬂl)/Q7
1

b= -
2p1;
1

= —po. 1.36
¢= 52 (1.36)

The Lax matrices for the system is identified as

L_<ZZ); A—<_Oag>- (1.37)

Then the Lax representation using eq.(1.37) is written as

(A, L] = AL — LA = ( a(gaj " “(_62;21’) > . (1.38)

The integrals of motion are given by
Li(a,b,c) =tr(L) =b+c,
I(a,b,c) = tr(L?) = 2a* + b* + 2.

One can find invariants of other systems by identifying Lax pair L and A. Consider two operators
L(z,y,t) and A(x,y,t), and satisfying the operator equation [L, A] = —%—’;“, the eigen value A of L such
that Ly = A, is independent of ¢ if and only if the corresponding eigenfunction ¢ evolves in time ¢
according to Ay = —%—‘f. Note that if [L, A] = —%—f is equivalent to the original Hamilton’s equations of
motion, then the terms in the expansion of det(L — H) involve invariants and the latter are in involution.
7. Field method approach (oscillators with odd potentials)

In this Approach, Ivana Kovacic et al [43] has obtained some approximate or adiabatic invariants of

non-linear autonomous oscillators:

i+ G(z) = 0; (1.39)

where G(z) is an odd function of a coordinate z, which does not necessarily have a linear term and
overdots denote differentiation with respect to time ¢. The problem is approached by the field method
technique [44], which has been approved as beneficial for studying different problems of disparate areas
of mechanics.

In order to apply the field method algorithm developed for obtaining conservation laws of the linear

one-degree of freedom oscillators, the system (1.39) can be written down as:

t=p; p=-—w’r+F (1.40)
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where
F = F(t) + w?(z) + G(x(t)). (1.41)

and w is the frequency to be found. Then, the basic assumption of the field method will be introduced,
which is that the coordinate x can be represented as a field depending on time t and the momentum (i.e.

the velocity) p
z=U(t,p)

Partial differentiation of the above expression in combination with (1.40) yields

ou U

5;+8p+pwﬂU+F@ﬂ—p=0 (1.42)

The solution of this partial differential equation can be assumed in the form [45]:

U=Ap+ f(p)

with A being a constant and f and ¢ being an unknown function of time. Substituting it into (1.42) and

equating the terms involving p and the free terms with zero, one has:
Ay =VA==+1, [(1) = Cert — AcA / F(r)e  dr. (1.43)
w

where 4 is an imaginary unit and C is a constant. For two values of the constant A (1.43), algebraic
transformations of the assumed form (U = Ap + f(p)) lead to the expressions in which the convolution

integrals [46] appear:

T — %p + i /[wz(f) — G(z(7)))e " Vdr = Cye™ (1.44)
T — %p B i (WA (T) — Ga(r)]e " dr = Cre™! (1.45)

To solve the integrals in (1.44) and (1.45), the solution for the coordinate x inside the square brackets

Ciiwﬂ' +C287iwﬂ'
2

is assumed as z(7) ~ In accordance with the initial conditions (1.39), this form gives the

constants C7 and Csy:

Now, the expressions (1.44) and (1.45) can be presented as:

[x — @} e Wt 4 ‘ / {w27a i a;*iQWT — ei“’tG<—aeMT _;aeiim- >} dr = a.
w w

: . 12wT Wt —wT
w4 Lfemiwt i/ WQHL —eta ge” tae T dr = a. (1.46)
w w 2 2
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the frequency x will be calculated from the elimination of secular terms among the terms generated
by the integrals. Eliminating the secular terms and integrating the remaining terms, some function of
time will be obtained. Together with the terms in front of the integrals, they will form two independent
linear adiabatic invariants. They provide additional information about the behavior of the system being
considered, giving us the combinations of the parameters of the system which remain almost constant
during time. Besides, they enable us to find a quadratic approximate invariant as their product. It can

be presented in the form:
s, P’ 2
I=x"+ F-F.’L‘Dl(t)"rng(t)'i‘Dg(t) —a”. (1.47)

where D (t), Da(t) and Ds(t) stand for some functions of time. Depending explicitly on time, the
quadratic form (1.47) differs from the corresponding exact invariant (total energy conservation law)
of the system.

8. Prelle-Singer method

Prelle-Singer (PS) [27] proposed a procedure for solving first order ODEs in terms of elementary func-
tions. The attractiveness of PS-method is that if the given system of first order ODEs has a solution
in terms of elementary functions then the method guarantees that this solution will be found. Recently,
authors [47, 48] used this method for second order ODEs and obtained first integrals. Now we present a
brief description of the PS-method for obtaining invariants, which follows as :

Consider a second order ODE as

5 = g, PQe Cltz i, (1.48)

where over dot denotes differentiation with respect to time and P and ) are polynomials in ¢,z and &
with coefficients in the field of complex numbers. Let us assume that the ODE, eq.(1.48), admits a first

integral I(t,z,4) = C, with C' constant on the solutions, so that the total differential gives
dI = Iidt + L.dx + I;di = 0, (1.49)

where the subscripts denote partial differentiation with respect to the variables ¢,z and #. Rewriting
eq.(1.49) in the form gdt —dt = 0 and adding a null term S(t, z, @)adt — S(¢, z, &)dx to the latter, we

obtain that on the solutions the I-form
P . .
(@ +Sx>dt—5dx—dx =0. (1.50)

Hence, on the solutions, the I-forms, eq.(1.49) and eq.(1.50), must be proportional. Multiplying eq.(1.49)

by the factor R(t,x,4) which acts as the integrating factor for eq.(1.50), we have on the solutions that

dI = R(¢ + Si)dt — RSdx — Rdi: = 0, (1.51)
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where ¢ = g. Comparing eq.(1.49) with eq.(1.51) we have, on the solutions, the relations

I, = R(¢ + Si),
I, = —RS,
I; = —R. (1.52)

Therefore, the compatibility conditions, Iy, = I, l1i = Lit, Ini = Liz, between the egs.(1.52), require

that
D[S] = —¢, + S¢i + S, (1.53)
D[R] = —R(S + ¢2), (1.54)
R, = R; + RS;, (1.55)
where

o .0 0

Eqn.(1.53)-(1.55) can be solved in the following way. Substitute the given expression of ¢ into eq.(1.53)
and solve it for S. Once S is known then eq.(1.54) gives the value of R. Now the functions R and S

have to satisfy an extra constraint, that is, eq.(1.55). Once a compatible solution satisfying all the three

equations have been found, then the functions R and S fix the integral of motion I(¢, z, &) by the relation

It 2,) = / R(6+ #S)dt — / (RS + % / R(6+ &8)dt)de —
/ {R + d%[/ R(¢ + 2S)dt — / (RS + % /R(¢ + 2S)dt)dz] | di (1.56)

Hence for every independent set (S, R), eq.(1.56) defines an integral. We shall again return to this method,
in chapter 6, for finding solutions of second order ODEs if the invariants of the system are known.

9. Darboux integrability method

In 1878 Darboux [28] initiated the theory of planar polynomial differential systems, and his work provided
a link between algebraic geometry and the search of first integrals. He demonstrated how to construct
first integrals of polynomial vector fields. Darboux integrability that lies at the very heart of the notions
of Liouville integrability and the Prelle-Singer theorem [27], which are essentially built on its foundation.
It has to be mentioned that the classical and powerful method of symmetry analysis, as formulated by
Lie, is an important tool for finding solutions of differential equations and includes various methods for
determining first integrals. Here we describe the modified Darboux theory of integrability for polynomial

ODEs in three and more dimensions. Darboux method of integrability is one of the best known methods
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for finding first integrals of polynomial ODEs.

Consider a system of two first-order ODEs of the form

dx

d_tl = Xl(t,(El,.’L'2),

dx

_dt2 = Xg(t, $1,JJ2) (157)

A solution of above, namely, 1 = x1(t), z2 = 2(t), assuming the values z1(0),22(0) at t = ty say,
defines in space a certain curve, which passes through the point Py(to,x1(0),22(0)), and is called an
integral curve of the system.

Let us consider planar polynomial differential systems,
©=Qx,y) and  g§=Pry),

where P(z,y) =Y, = 0"P;(z,y), Q(z,y) =, =0"Q;i(x,y) are co-prime polynomials in C such that
max{deg P,deg Q}=m and P;(z,y) and Q;(x,y) are homogeneous components of degree i. The planar

differential system (1.57) may alternatively be described by the following vector field:

D = Q(x, y)a% + P(:c,y)(% (1.58)

or a differential form w = Pdx — Qdy, The corresponding phase-flow being given by the solutions of
first-order ODE,

dy _ P(z,y)
dr— Qz,y)’ 129

The tangents to the trajectories of a planar polynomial differential system are defined everywhere. If
f(xz,y) = 0 is the equation of an invariant curve, its tangent must coincide with the tangents of the
trajectories. In other words, the gradient to f,Vf = (%g—g), and (@, P) must be orthogonal over the

curve f(z,y) =0,

: (A0 | L0f _
= (Q% + Pa_y>f_0 =0. (1.60)

An invariant curve f(z,y) = 0 is called an algebraic curve of degree m when f(x,y) is a polynomial of
degree m. Let D be the vector field associated with differential equation. A curve f(z,y) = 0 is an
invariant algebraic curve if D[f]/f is a polynomial. The latter polynomial Ay = D[f]/f is usually called
the cofactor of the invariant algebraic curve.

10. Painlevé method

The basic idea of Painlevé (P) analysis is to identify and characterize the nature of the singularities
admitted by the general solution of ordinary differential equations (ODEs) and PDEs in the complex
plane [7, 8, 9] of the independent variable. Therefore, for an ODE to be P-type, it is necessary that it has

no movable branch points, either algebraic or logarithmic. For the study of Painlevé method, we describe
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Ablowitz, Ramani and Segur (ARS) conjecture[7], which provides a systematic way to investigate the
presence of movable branch-points and to determine whether the given ODE is P-type or not.

Let us consider a nth order ODE,

= F(zw,dw/dz, ......,d" 'w/dz""1), (1.61)

= F;(z; w1, wa, ...... JWp)y 1 =1,2, ... , T, (1.62)

where F' and F; are analytic in z and rational in their arguments. Then the ARS conjecture essentially
consists of the following three steps.

(a) Determination of leading-order behaviour of the Laurent series in the neighborhood of the movable
singular point zg;

(b) Determination of resonances, that is, the power at which arbitrary constants of the solution of
eq.(1.61) can enter into the Laurent series expansions; and

(¢) Verification that a sufficient number of arbitrary constants exist without the introduction of movable
critical points.

At the end of the three steps one will be in position to check the necessary conditions for the existence

of the P-type solution and integrability of eq.(1.61).

1.6 Complex Hamiltonian systems

In the following sections we describe the quantum theory of real, Complex, hermitian and non-hermitian
Hamiltonians and various methods of complexifications for Hamiltonians. It is widely accepted that
“Hamiltonian operator must be hermitian in order that the energy levels be real and that the theory be
unitary”. This was the assumption and one is taught at the introductory courses on quantum mechanics.
Then it is commonly believed that the Hamiltonian must be Hermitian in order to ensure that the energy
spectrum (the eigenvalues of the Hamiltonian) is real and that the time evolution of the theory is unitary
(probability is conserved in time). The mathematical expression for the hermiticity of a Hamiltonian is
written H = HT, where the symbol ‘t’ denotes the usual Dirac hermitian conjugation; that is, transpose
and complex conjugate. In 1998 this false impression has been challenged by Bender and Boettcher [52]
who surprised the physics community by showing an experimental evidences and also numerically sup-
ported conjecture that quite a few one-dimensional quantum potentials V' (x) may generate bound states
¥ (x) with real energies F, even when the potentials themselves are not real. They show that because
PT- symmetry is an alternative condition to Hermiticity, many new Hamiltonians can be constructed
that would have been rejected in the past because they are not Hermitian. Recently Bender et al have

discussed class of complex Hamiltonians (usually called as the PT-symmetric Hamiltoinians) [49]. In
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the past few years it has been recognized that the requirement of Hermiticity, which is often stated as
an fundamental law of quantum mechanics, may be replaced by the mathematical and more physical
requirement of space-time reflection symmetry (P7T- symmetry) without losing any of the essential phys-
ical features of quantum mechanics. Theories defined by non-hermitian P7- symmetric Hamiltonians
exhibit exceptional and unexpected properties at the classical as well as at the quantum level. In the
following section we will bring out how the requirement of hermiticity can be bypassed and discusses the
properties of some non-hermitian P7T- symmetric quantum theories. The P7T- symmetric transformation
or adaption of the non-hermitian Hamiltonians exhibits real eigenvalues provided that P7- symmetry is
unbroken. Applications to hermitian and non-hermitian Hamiltonians are also discussed in the end of

this chapter.

1.7 Hermiticity: the usual definition

The real and positive eigenvalues of many Hamiltonians (newly known as P7T-symmetric Hamiltoinians)
have been discussed [49] sets-up a question that, does a non-hermitian Hamiltonian define a physical
theory of quantum mechanics or is the reality and positivity of the spectrum merely a facinitating math-
ematical curiosity exhibited by some special classes of complex eigenvalue problems. It must be assured
that the physical quantum theory must have bounded energy spectrum, acquire a Hilbert space of state
vectors which are confer with an inner product having a positive norm and unitary time evolution. The
simplest condition on the Hamiltonian H which guarantees that the quantum theory satisfies these re-
quirements is that the H be real and symmetric. However, this condition has certain restriction. The
condition H = H' is allowed or justified to be the complex Hamiltonian, as long as it is Dirac hermitian.
In the last section of this chapter it is described that how one can replace the condition of hermiticity
by the condition that H have an unbroken P7T- symmetry and still satisfies the above requirements for a
physical quantum theory. For this purpose, we summarize the procedure for analyzing a theory defined
by a conventional hermitian quantum mechanical Hamiltonian. The procedure is given below:

1. Eigenfunctions and eigenvalues of H:- For a given Hamiltonian H, one can write down the time-
independent Schrodinger equation associated with H and calculate the eigenfunctions W, (z) and eigen-
values FE,. Usually the calculations of eigenvalues and eigenfunctions are performed numerically, since
it is difficult to carry out calculations analytically.

2. Orthogonality of eigenfunctions:- The eigenfunctions of H will be orthogonal w.r.t. the standard

hermitian inner product

(7, d) = /\Il(x)*i)(x)dx (1.63)
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Orthogonality means that the inner product of two eigenfunctions of H say ¥,,(x) and ®,,(z) associated

with two different eigenvalues F,, and F,, vanishes
(U, @,) =0. (1.64)

3. Orthonormality of eigenfunctions:- Since the Hamiltonian is hermitian, the norm of any vector is
guaranteed to be positive. This means that we can normalize the eigenfunctions of H so that the norm

of every eigenfunction is unity then

(0, ¥,) =1. (1.65)

4. Time evolution and unitarity:- For a hermitian Hamiltonian the time evolution operator e *Ht ig

unitary and it automatically preserves the inner product

(x0:x(®) = (x© ™)) = (xO.x0)). (1.66)

5. Completeness of eigenfunctions:- It is a theorem in the Hilbert space for linear operators which states

that any (finite norm) vector x can be expressed as a linear combination of eigenfunctions of H

X=> an¥,. (1.67)
n=0

In other words, we can say that the eigenfunctions of a hermitian Hamiltonian are complete. The formal
statement of completeness in co-ordinate space is the reconstruction of the unit operator as a sum over
the eigenfunctions
D @) Unly) = 6(z — y). (1.68)
n=0
6. Observable:- An observable is represented by a linear hermitian operator. The outcome of a measure-
ment is one of the real eigenvalues of this operator. The other topics such as classical and semiclassical
limit of quantum theory, probability and current density for perturbative and non-perturbative calcula-

tions can also be considered for hermitian Hamiltonians.

1.7.1 The Complex Hamiltonian and various way of its complexification

A complex form of the Hamiltonian is expected to offer some clue to some of these additional properties.
The use of a complex potential in the context of the optical model of a nucleus [50] has been known for
more than 50 years now. In recent years, there has appeared several newly discovered [1] phenomena
in physics and chemistry (for example, the phenomena pertaining to resonance scattering in atomic,
molecular, and nuclear physics and to some chemical reactions as well) whose theoretical understanding
might require the use of complex Hamiltonians. Complex Hamiltonians (or their variants in the form

of dynamical invariants) have also been studied in several other theoretical contexts. For example, the
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studies of complex trajectories with regard to the calculation of a semiclassical coherent-state propagator
in the path integral method have attracted particular interest in laser physics [51].
The complex Hamiltonian systems are those in which Hamiltonians are non-hermitian and corresponding
eigenvalues are complex.
Several years ago, Bessis (in a private communication with J. Zinn-Justin, who was studying Lee-Yang
singularities using renormalization group methods) conjectured on the basis of numerical studies that the
spectrum of the Hamiltonian

H =p? + 2% +ia®
is real and positive [1]. But there is no rigorous proof this conjecture unto late nineties. Thus a complex
Hamiltonian does not guarantee for real eigenvalues. In 1997 C.M. Bender and S. Boettcher [52] (See
also M. Znojil [83]) used the non-Hermitian Hamilton operator H = p? + 22 + iz = p® + (x +i/2)*> + 1/4
obtained from a Harmonic Oscillator shifted to a complex space point & = —i/2 as an example to show
that its spectrum FE, = (2n + 1) + 1/4 = 2n + 5/4 can be indeed real due to the underlying “P7T-
symmetry”. Complex Hamiltonian might be found in the context of condensed matter physics. Consider
the complex crystal lattice whose potential is V(z) = isinz. While the Hamiltonian H = p? + isinx is
not Hermitian, it is P7-symmetric and all of its energy bands are real. In recent years, P7-symmetric
Hamiltonians have been discussed [52], in which, despite the lack of conventional hermiticity of H, the
eigenvalue spectrum for certain domains of underlying parameter of the system turns out to be real .
Hollowood [53] through the Hamiltonian of a complex Toda lattice and J.Zinn-Justin [54] showed that,
though the Hamiltonian is non-Hermitian, the energy levels are real. Then it is argued that the reality
of the spectrum is a consequence of the combined action of parity and time reversal invariance of H. We

discuss two complex Hamiltonian systems as discussed by Bender [52] in his paper
H=p*+iz®+iz; H=p*+iz’+z (1.69)

For example, the Hamiltonian 1st one is PT-symmetry and its entire spectrum is positive definite but
the second Hamiltonian is not P7T-symmetric, and the entire spectrum is complex.

Mathematically, the Hamiltonian is expressed generally as the sum of kinetic energy and potential energy
in one dimension as

H(z,p) = % + V(). (1.70)

It is to be noted that for a physical system while the form of the first term is reserved, but the second
term V(z), can have different functional forms depending upon the system under study. In literature,
there exist various way (although some of them are interconnected) of complexifying a given Hamiltonian,

which are described as follows:
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Method-1:- The Hamiltonian can be made complex by converting a real two dimensional phase space

(z-p plane) into a complex x-p plane (z-plane). If one defines
z=p+iwgxr, 2°=p—iwgT,

and writes H(z,p) as H(z,z*) for real x,p and wy. While such a choice has been used in studying the
second quantized adaption of the harmonic oscillator in field-theory or the Heisenberg quantum mechanics
of the oscillator [50]. Tt is expected to work well for even-powered potentials. In spite of complexifying
the phase plane generated by real x and p, the reality of the Hamiltonian can be retained for this case
which is not the case of odd-powered potentials.

Method-2:- In this method of complexification, one defines two independent complex variables as u =
x/b+ip/cand v = x/b—ip/c where b and ¢ are treated as complex numbers which give rise to a variety of
possibilities regarding the nature of the transformation from (x, p) space to (u,v) space and subsequently
that on reality of H. In this case the u,u™,v,v* become the new degrees of freedom for describing the
system. If b = b* and ¢ = ¢* then u and v become complex conjugate pairs [55].

Method-3:- Another method of complexifying the Hamiltonian in which one replaces 2 — x exp(if) and

writes the complex scaled Hamiltonian operator Hy as
Hy =S~ (0)HS(H),

where S is the complex scaling operator defined by S = exp [i@x(d/daz)} such that Sf(z) = f(ze?) for
an analytical function f(z). The complex scaling associates the resonance phenomena, as it appears in
atomic, molecular or nuclear physics [56], with a square integrable function, rather than with a collection
of continuum eigenstates of the unscaled hermitian Hamiltonian.

For the quantum system (where p? — _h206_;2> one obtains

+ V(ze®), (1.71)

where @ = 2’ exp(if) and h = m = 1.

Method-4:- The Hamiltonian in eq.(1.70) can be made complex by just considering the parameters in
V(x) as complex, including the mass parameter m as well, however = and p are kept as real [57].
Method-5:- The Hamiltonian can be made complex by assuming only the potential function V(x) as
complex [81], say V(x) = V,(x) 4+ iV;(x). The simplest choice for this case is the complex square-well
potential, namely V' (z) = Vj + iWy, used by Feshbach et.al [50] in the optical model of the nucleus.
Method-6:- The Hamiltonian H (z,p) can be made complex by considering each physical variable x and
p as complex, i.e, by extending the real two dimensional phase space (z,p) to a complex phase space with

four degrees of freedom. This is possible by writing « and p in either of the way, namely

T = x1 + 1T; p=p1+ip2 (1.72)
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where (z1,p1) and (z2,p2) are real and considered as canonical pairs [56]. In this way, one can transform
a real phase space (x, p) into a complex phase space (21, p2, p1, x2) with two additional degrees of freedom
namely xo and ps. The complex phase space [57] characterized by the equation for x and p are known
as the extended complex phase space (ECPS) approach. In this approach both = and p are separately
made complex by extending each of them to the corresponding complex planes i.e. inserting an imaginary
component in each.

The transformation in eq.(1.72) is used by Rao et.al [58] in their study of ion-acoustic waves in plasma
and more recently by Yang [59] in developing a complex mechanics of which conventional classical and
quantum mechanics may appear as special cases. The transformation in eq.(1.72) is used by Xavier and
de Aguiar [60] in their coherent state studies and by Kaushal et.al [61, 62] in studying certain aspects of
classical and quantum mechanics of non-hermitian systems.

Method-7:- Another class of complex Hamiltonians called the P7T- symmetric Hamiltonians [49, 52]
in which the Hamiltonian is non-hermitian but eigenvalue spectrum, for certain parametric domain, is
real and this reality of the spectrum is a consequence of the combined action of parity and time reversal

invariance of H. The parity operator P and time reversal operator T are defined by their action on

position and momentum operators as

Pid—s -2 p—>—p, T:d—& p—> —p; i — —i. (1.73)

However, the combined parity and time, (P7), operator has the following effects

PT: &——& : p—p ; 1 — —i. (1.74)

Note that 7~ changes the sign of ¢ because, like the parity operator, it preserves the fundamental commu-
tation relation of quantum mechanics, [z, p] = i, known as the Heisenberg algebra. Clearly, from these

definitions, we obtain the following identity
PE=T?=1. (1.75)

In PT-symmetric quantum mechanics, it is not necessary for a Hamiltonian to be invariant under either
P or T individually, it may be invariant under combined operation (757‘) This must also be true if

we were to have a complex position and momentum, in which eqs.(1.73) and (1.74) would respectively

become:
P:Re i — —Re &, Im & — —Im &; Rep— —Rep, Im p — —Im p,
T:Rei—s Red, Imé& —s —Imi; Rep— —Rep, Imp—s Im p. (1.76)
If we define 1 = Re z, p2=Imx, p1 = Rep, x9 = Im p, the complex versions of x and p are

written as = x1 + ipa,  p = p1 + ixe; where (z1,p1) and (x2,p2) are real and considered as canonical
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pairs [73]. In term of new notations for P and T invariance simply imply that

P (x1,p2,p1,%2) = (=21, —p2, —p1, —2); T : (x1,p2,p1,%2) = (@1, —p2, —p1,T2), @ — —1;

PT: ($17p27p17$2) — (—xl,pz,pl, —$2), 7 — —1.

With regard to these methods of complexification the following remarks are in order:

1. Type of the complexification inducted by eq.(1.72) brings in two additional variables (z2,p2) in
hyperspace which may or may not have any link with the spatio-temporal cartesian grid. They
however follow the same rule of the game as the physical variables (z1,p1). Thus the variables
(z1,p1) and their functions will account for the physical reality in the nature, the variables (x2, p2)
and their functions will account for a reality that is beyond the physical reality in the nature i.e.

for the spurious effect.

2. Tt can be argued that some of the approaches followed recently [58, 62] to study the real eigenvalue
spectra of non-hermitian Hamiltonians are based either on the parametric complexification of H or

are the particular cases of method-3.

3. The form of the potential function V(z) is responsible for the nature of the trajectory of the
particle whereas the finer details of this trajectory are taken care of by the parameters appearing in
it. Therefore, any complexification of parameters cannot lead to a basic change in the nature of the
trajectory except for allowing some variations around its main track. In some sense the parametric
complexification of H affects the geometrical properties but not the geometry of the space-time

structure in nature.

It is worth to mention that while method-3 above deals with the complexification of the coordinates alone
and that of the momentum follows from it. In methods-1 and 2 the complex phase space is obtained by
assuming the variables z and p as real and complexity arises from the parameter space. On the other
hand, methods-3 and 7 both z and p are separately made complex by extending each of them to the
corresponding complex planes, i.e, by way of inserting imaginary component in each. Further, the number
of the degrees of the freedom do not change in methods-1 and 2 except for parameter space, becoming
complex, whereas they get doubled in methods-3 and 7. In the latter cases the (z,p) real phase plane is
now replaced by a complex phase space (21, p2, p1, 22) with two additional degrees of freedom namely x5
and ps, the imaginary part of z is identified by p2 and that of p by x2 in eq.(1.72). From physics point
of view zo and ps are fictitious/spurious components of momentum and coordinate and their presence in
eq.(1.72) as such allows the introduction of some sort of coordinate momentum coupling in the dynamical

system. For such an interpretation of imaginary part of 2 and p, one needs to modify eq.(1.72) in the
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form
T = 71 + tdps, p=p1+id lz,. (1.77)

for the dimensional considerations. In the present study ‘d = 1’ is selected.

A consistent physical theory of quantum mechanics can be built on a complex Hamiltonian that is non-
hermitian but instead satisfies the physical condition of space-time reflection symmetry (P7- symmetry).
The transformation in eq.(1.72) has been used by Xavier and de-Aguiar to develop an algorithm for the
computation of the semi-classical coherent-state propagator. This approach is used in earlier chapter-3

and chapter-4 for studying the two dimensional complex systems.

1.8 Concept of P7T- symmetry

The central idea of PT-symmetric quantum theory is to replace the condition that the Hamiltonian of a
quantum theory be Hermitian with the weaker condition that it possess space-time reflection symmetry
(PT-symmetry). This allows one to construct and study many new kinds of Hamiltonians that would
previously have been ignored. These new Hamiltonians have remarkable mathematical properties and
it may well turn out that these new Hamiltonians will be useful in describing the physical world. It is
crucial, of course, that in replacing the condition of Hermiticity by P7T-symmetry we do not give up any
of the key physical properties that a quantum theory must have. We will see that if the P7T- symmetry of
the Hamiltonian is not broken, then the Hamiltonian will exhibit all of the features of a quantum theory
described by a Hermitian Hamiltonian. (The word broken as used here is a technical term that will be
explained in following section) we begin by reviewing some basic ideas of quantum theory. For simplicity,
in this chapter we restrict our attention to one-dimensional quantum-mechanical systems. Also, we work
in units where Plancks constant A = 1. In elementary courses on quantum mechanics one learns that a
quantum theory is specified by the Hamiltonian operator that acts on a Hilbert space. The Hamiltonian

H does three things:

1. The Hamiltonian determines the energy eigenstates |E,). These states are the eigenstates of the
Hamiltonian operator and they solve the time-independent Schrodinger equation H|E,) = En|E,).
The energy eigenstates span the Hilbert space of physical state vectors. The eigenvalues F,, are the
energy levels of the quantum theory. In principle, one can observe or measure these energy levels.
The outcome of such a physical measurement is a real number, so it is essential that these energy

eigenvalues be real.

2. The Hamiltonian H determines the time evolution in the theory. States [t) in the Schrédinger
picture evolve in time according to the time-dependent Schrédinger equation H|t) = —i%|t>, whose

formal solution is |t) = e*!|0). Operators A(t) in the Heisenberg picture evolve according to
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the time-dependent Schrédinger equation diA(t) = —i[A(t), H], whose formal solution is A(t) =

i
ethA(O)efth'

3. The Hamiltonian incorporates the symmetries of the theory. A quantum theory may have two
kinds of symmetries: continuous symmetries, such as Lorentz invariance, and discrete symmetries,
such as parity invariance and time reversal invariance. A quantum theory is symmetric under a
transformation represented by an operator A if A commutes with the Hamiltonian that describes
the quantum theory: [A, H|] = 0. Note that if a symmetry transformation is represented by a
linear operator A and if A commutes with the Hamiltonian, then the eigenstates of H are also
eigenstates of A. Two important discrete symmetry operators are parity (space reflection), which
is represented by the symbol P, and time reversal, which is represented by the symbol P . The
operators P and T are defined by their effects on the dynamical variables & (the position operator)
and p (the momentum operator). The operator P is linear and has the effect of changing the sign
of the momentum operator p and the position operator & : p — —p and & — —=z. The operator
T is antilinear and has the effect p — —p, & — &, and ¢ — —i. Note that P changes the sign of
i because (like P) T is required to preserve the fundamental commutation relation [z, p] = i of the

dynamical variables in quantum mechanics.

Quantum mechanics is an association between states in a mathematical Hilbert space and experimentally
measurable probabilities. The norm of a vector in the Hilbert space must be positive because this norm
is a probability and a probability must be real and positive. Furthermore, the inner product between
any two different vectors in the Hilbert space must be constant in time because probability is conserved.
The requirement that the probability not change with time is called unitarity. Unitarity is a fundamental
property of any quantum theory and must not be violated. To summarize the discussion so far, the
two crucial properties of any quantum theory are that the energy levels must be real and that the
time evolution must be unitary. There is a simple mathematical condition on the Hamiltonian that
guarantees the reality of the energy eigenvalues and the unitarity of the time evolution; namely, that
the Hamiltonian be real and symmetric. To explain the term symmetric, as it is used here, let us first
consider the possibility that the quantum system has only a finite number of states. In this case the

Hamiltonian is a finite-dimensional symmetric matrix

o o

b
d
e

=
I
S B

whose entries a, b, ¢, d, e, f,, are real numbers. For systems having an infinite number of states we express

H in coordinate space in terms of the dynamical variables & and p. The & operator in coordinate space
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is a real and symmetric diagonal matrix, all of whose entries are the real number x. The p operator in

coordinate space is imaginary and anti-symmetric because p = —i% when it acts to the right but, as we
can see using integration by parts, p changes sign p = i% when it acts to the left. The operator 1;2 = —%22

is real and symmetric. Thus, any Hamiltonian of the form H = 1;2 + V(z) when written in coordinate
space is real and symmetric. However, the condition that H be real and symmetric is not the most general
condition that guarantees the reality of the energy levels and the unitarity of the time evolution because it
excludes the possibility that the Hamiltonian matrix might be complex. Indeed, there are many physical
applications which require that the Hamiltonian be complex. There is a more general condition that
guarantees spectral reality and unitary time evolution and which includes real, symmetric Hamiltonians
as a special case. This condition is known as Hermiticity. The condition that H must exhibit Dirac
Hermiticity is often taught as an axiom of quantum mechanics. The Hamiltonians H = 1;2 +p+V(z)
and H = 1;2 + px + 2p+ V(&) are complex and nonsymmetric but they are Hermitian. Bender et al show
that while Hermiticity is sufficient to guarantee the two essential properties of quantum mechanics, it is
not necessary. They describe an alternative way to construct complex Hamiltonians that still guarantees
the reality of the eigenvalues and the unitarity of time evolution and which also includes real, symmetric
Hamiltonians as a special case. they maintain the symmetry of the Hamiltonians in coordinate space, but
allow the matrix elements to become complex in such a way that the condition of space-time reflection
symmetry is preserved. The new kinds of Hamiltonians are discussed in this chapter are symmetric and
have the property that they commute with the PT operator: [H, PT] = 0. In analogy with the property
of Hermiticity H = HT, Bender et al express the property that a Hamiltonian is P7- symmetric by
using the notation H = HF7 . New kinds of complex Hamiltonians are symmetric in coordinate space
but are not Hermitian in the Dirac sense. To reiterate, acceptable complex Hamiltonians may be either
Hermitian H = H' or PT- symmetric H = H”T | but not both. Real symmetric Hamiltonians may be
both Hermitian and P7T- symmetric. Using P7- symmetry as an alternative condition to Hermiticity,
one can construct infinitely many new Hamiltonians that would have been rejected in the past because

they are not Hermitian. An example of such a PT- symmetric Hamiltonian is
H = p? + iz
It is easy to construct infinitely many Hamiltonians that are not Hermitian but do possess PT symmetry.
For example, consider the one-parameter family of Hamiltonians
H = p? + 2% (izx)".

where €  is real
Note that while H in (above eqn.) is not symmetric under P or T separately, it is invariant under their

combined operation. We say that such Hamiltonians possess space-time reflection symmetry. Other ex-
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amples of complex Hamiltonians having PT- symmetry are H = p? +x(iz)¢, H = p? +25%(ix), and so on
[49, 58]. The class of PT- symmetric Hamiltonians is larger than and includes real symmetric Hermitian
because any real symmetric Hamiltonian is automatically PT-symmetric. For example, consider the real
symmetric Hamiltonian H = p? + x? + 2x. This Hamiltonian is time-reversal symmetric, but according
to the usual definition of space reflection for which z — —z, this Hamiltonian appears not to have P7T-
symmetry. However, recall that the parity operator is defined only up to unitary equivalence [4]. In this
example, if we express the Hamiltonian in the form H = p? + (z + 1)? — 1, then it is evident that H is
PT- symmetric, provided that the parity operator performs a space reflection about the point z = —1

rather than « = 0. See Ref. [59] for the general construction of the relevant parity operator.

1.8.1 History of non-hermitian Hamiltonian

T. T. Wu in 1959, published a paper calculating the ground state energy of “Bose sphere” [63]. In this
paper, the common problem was the divergence of the ground state energy. Wu found that by using a
non-diagonalize and non-hermitian Hamiltonian, this problem can be avoided. Remarkably, Hamiltonian
possessed real eigenvalues. However, the paper offered no justification for introducing such a Hamiltonian,
other than it gave the required solution. In particular, it gave real numbers representing low lying energy
levels of a Bose system. This paper was the earliest in which use of non-hermitian Hamiltonians found
in the literature survey.

J.Wong [64] 1967 published a paper about physically reasonable non-hermitian Hamiltonians [?]. He made
the point that Hamiltonians of closed systems are hermitian, but that when an external interaction is
considered, the Hamiltonian losses its hermiticity. Therefore, a class of physically reasonable Hamiltonians
would be perturbed type

i = Ho+ A0,

where H(V) = gfl is the perturbation term, Hj is hermitian Hamiltonian and H is non-hermitian Hamil-
tonian and ‘g’ is simply a parameter to vary the influence of H. Also H has the restriction that it may
have only discrete spectrum unless part of its spectrum coincides with that of Hy. He calls this class as
dissipative but does not fully define the term. The paper derived several propositions relating to Hamil-
tonian in this class. However, at no point in the paper [63], the reality of the spectrum is mentioned.
Moreover, complex eigenvalues seem to be admitted, yet there is no explanation of how they could pos-
sibly be physically reasonable. T. T. Wu and Bender (in 1969) discusses an example of the anharmonic
oscillator [65]. This paper does not explicitly discuss hermitian or non-hermitian Hamiltonians. The

Hamiltonian for such a model is

. 1
=24 2237 it (1.78)
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In above equation the parameter g is extended into the complex plane, so the non-hermiticity of the
Hamiltonian is implicit. Coincidentally, this approach was taken because perturbation method of calcu-
lating the ground state of this system were also divergent but later on renormalized perturbation theory
cured this problem. Haydock and Kelly (in 1975) published a letter reporting that the recursive method
with non-hermitian Hamiltonians to calculate the electronic structure of crystalline Arsenic [66]. Accord-
ing to this letter, chemical pseudo-potential theory often give rise to a non-hermitian representation of
interactions between localized electron orbits [69]. This was one of the earliest paper to say explicitly
that the condition of hermiticity was sufficient but not necessary to ensure a real eigen spectrum. G.
E. Stedman and P. H. Butler (n 1980) published a paper reviewing material in the field of time reversal
and point group theory, in particular, focussing on the effect and selection rules for time reversal in the
rotation group so(3) [67]. This was the earliest reference found to the term “time reversal operator” in
relation to complex conjugation, as it is used in PT /CPT symmetry. F. Faisal and J. Moloney (in 1981)
studied a quantum decay process with a non-hermitian Hamiltonian and Schrodinger wave equation [68].
They claimed that, as a consequence of the uncertainty principle, a decaying state could not have a sharp
energy, and that the width of such an energy level could be represented by an imaginary energy compo-
nent. Furthermore, such complex energies can be shown to be eigenvalues of non-hermitian Hamiltonian
associated with the decay process. This paper also includes a non-unitary yet self-consistent (probability
conserving) algorithm for time evolution. These are just some examples of work from last four decades,
which uses non-hermitian theories. The common factor in all these papers is that such theories were
introduced on phenomenological or heuristic grounds. In other words, such theories were chosen because
they fitted with experimental observations. From a pragmatic point of view, merely fitting theories
to observations could be considered reasonable. After all, nature is always correct! However, papers
which allowed the use of a complex spectrum never appear to justify or elucidate the validity of such
spectra. Therefore, since the prediction of eigenvalues is crucial link between theory and experimental
observations [50], it would seem highly questionable to allow eigenvalues which could not be physically
measured. However, Hatano and Nelson justified the use of a complex spectrum [51]. There are the

following requirements for a physically acceptable non-hermitian theory:
e The eigen spectrum must be entirely real.
e Time evolution must be unitary, to prevent “probability leakage”[78].
e The set of eigenstates must be complete.

1.8.2 Non-hermitian Hamiltonians: the theory

In this section we follow the same prescription as in previous section to study a non-hermitian Hamiltonian

having unbroken P7T- symmetry. For definiteness, we do not know the definition of inner product, as
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we do in the case of ordinary hermitian quantum mechanics. We will have to discover the correct inner
product in the course of our analysis. The inner product is determined by the Hamiltonian itself. The
procedure as follows:

1. Eigenvalues and eigenfunctions of H:- Here we assume that the eigenvalues (E,,) can be found
by using analytical or numerical methods. These eigenvalues are all real, which is equivalent to assuming
the PT- symmetry of H is unbroken; i.e., all the eigenfunctions of H are also the eigenfunctions of PT
operator. The zeros of PT- symmetric eigenfunctions have interesting complex interlacing properties
[70].

2. Orthogonality of eigenfunctions:- To test the orthogonality of the eigenfunctions, we must specify
an inner product. Since we do not yet know what inner product to use, we might try to guess an
inner product. By analogy, one might think that since the inner product is appropriate for hermitian
Hamiltonian (H = H'), a good choice for an inner product associated with a P7- symmetric Hamiltonian
(H = HPT) might be

(U, ®) = /dw[\lf(x)]PT@(:v) = /d:v[\lf(—x)]*fb(x), (1.79)

c c

where ¢ is a contour. With this inner product definition one can show by a trivial integration by parts
using time-independent SE that pairs of eigenfunctions of H associated with different eigenvalues are
orthogonal. However, this guess for an inner product is not acceptable for formulating a valid quantum
theory because the norm of a state is not necessarily positive.
3. PT- symmetric normalization:- We know that the eigenfunctions ¥, (z) of H are also eigenfunc-
tions of the PT operator with eigenvalue A\ = ¢!®, where A and o depend on ‘n’. Thus, we can construct

PT-normalized eigenfunctions ®,,(z) defined by
D, (z) = e 20 (2). (1.80)

By this construction, ®,,(z) is still an eigenfunction of H and it is also an eigenfunction of PT operator
with eigenvalue ‘1’. One can also show both numerically and analytically that the algebraic sign of the PT
norm in (1.87) of ®,,(z) is (—1)™ for all n and for all values of € > 0. Thus, we define the eigenfunctions

so that their P7 norms are exactly (—1)"

/ dz[®, (2)]77T @, (x) :/ dz[P, (—x)]" Py (x) = (—1)", (1.81)

where ¢ is a contour. In terms of these P7T mnormalized eigenfunctions there is a simple but unusual

statement of completeness

o0

Y (1) (2)Pn(y) = Sz — y). (1.82)

n=0
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This statement of completeness has been verified both numerically and analytically for all € > 0.

4. The CPT inner Product:- To construct an inner product with a positive norm for a complex non-
hermitian Hamiltonian having an unbroken P7- symmetry, we will construct a new linear operator C that
commutes with both H and P7T. Because C commutes with the Hamiltonian, it represents a symmetry
of H. We denote this symmetry by the symbol C because the properties of C are similar to those of the

charge conjugation operator in particle physics [55]. The inner product w.r.t. CPT conjugation is as

(W) P = / dr WOPT(2) y(x). (1.83)

where UP7 (z) = [dy C(x,y) U*(—y). One can show that this inner product satisfies the requirements
for the quantum theory defined by H to have a Hilbert space with a positive norm and to be a unitary.
The C operator is represented as a sum over the eigenfunctions of H, but before doing so one must first
show how to normalize these eigenfunctions.

5. Positive norm and unitarity in P7- symmetric quantum mechanics:- Now, we can use the
new CPT inner product defined in eq.(1.83). Since the operator C has been constructed. Like the PT
inner product, this new inner product is phase independent. Also, because the time evolution operator
(as in the ordinary quantum mechanics) is e~ *H! and because H commutes with P7 and CPT operators
respectively. Both the PT inner product and the CP7T inner product remain time independent as the
states evolve. However, unlike the P7T inner product, the CPT inner product is positive definite because

C contributes a factor of -1’ when it acts on states with negative P7 norm. In terms of the CPT

conjugate, the completeness condition will be

oo
> @(@) [CPT, ®u(y)] = o(x — v). (1.84)
n=0
6. Construction of the C-operator:- For any Hamiltonian H having an unbroken P7T - symmetry there
exist an additional symmetry of H connected with the fact that there are equal number of positive and
negative norm states. The linear operator C that includes this symmetry can be represented in coordinate

space as a sum over the P7 normalized eigenfunctions of P7T- symmetric Hamiltonians as
Clwy) =D Bu(@)®n(y). (1.85)
n=0

We note that this equation is identical to the statement of completeness in eq.(1.82) except that the

factor (—1)™ is absent. We can use egs.(1.81) and (1.82) to verify that the square of C is unity (C? = 1)

Je@ e )y =tz - 2. (1.86)
Thus, the eigenvalues of C are +1. Also C commutes with H. Therefore, since C is linear, the eigen states

of H have definite value of C. Specifically

Couo) = [dyClag) Bule) = Y @ula) [dy @ ()(0)

m=0

= (=1)" Py (). (1.87)
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This new operator C resembles the charge-conjugation operator in the quantum-field theory. However,
the precise meaning of C is that it represents the measurement of the sign of the P7 norm in (1.81)
of an eigen state. The operator P and C are distinct square roots of unity operator §(xz — y). That is
P2 =(C? =1, but P # C because P is real and C is complex. The parity operator in coordinate space is
explicitly real [P(z,y)=d(x + y)], while the operator C(x,y) is complex because it is sum of product of

complex functions. The two operators P and C do not commute. However C does commutes with P7T.
1.8.3 Broken and unbroken P7-symmetry

An alternative formalism of quantum mechanics in which the mathematical axiom of the hermiticity
(H = HT) is replaced by the physical transparent condition of space-time reflection (P7)- symmetry

ie. H= HP7T and HP7 = (PT)H(PT). Examples of PT- symmetric non-hermitian Hamiltonians are
H=p*+ii®, H = p> -t (1.88)

Amazingly the energy levels of these Hamiltonians are real and positive. These two Hamiltonians specify
a unitary time evolution even though they are non-hermitian. The Hamiltonians described in eq.(1.88)

are the special cases of the general parametric family of P7T- symmetric Hamiltonians
H = p? + 22 (iz)", (1.89)

where the parameter € is real. These Hamiltonians are all P7T- symmetric because they satisfy the
condition H = HP7. Tt is shown by Bender et.al in 1998 [49, 52] that when € > 0 all the eigenvalues of
these Hamiltonians are entirely real and positive, but when € < 0 there are complex eigenvalues. From this
Bender concluded that € > 0 is the parametric region of the unbroken PT- symmetry and that e < 0 is the
parametric region of the broken PT- symmetry. Thus it is clearly of great importance to understand as
to when the PT-symmetry is spontaneously broken and when it remains unbroken. As a first step in that
direction, it may be worthwhile to look for some analytically solvable PT-symmetry-invariant potentials
and try to understand the spontaneous breaking and nonbreaking of the PT-symmetry- symmetry. The
purpose of this note is to study one such example. In particular we consider the system described by the

non-Hermitian but P7-invariant Hamiltonian (h = 2m = 1).
H = p? — (Ccosh2x — iM)?,

where the parameter ( is real and parameter M has only integer values. Khare et al [69] has shown that
the quasi-exactly solvable (QES) eigen values of this Hamiltonian are complex conjugate pairs in case the
parameter M is an even integer and that in this case the P7- symmetry is indeed spontaneously broken.
On the other hand, when M is an odd integer then the QES eigenvalues of this Hamiltonian are real and
precisely in this case the P7T-symmetry remains unbroken. There are some various examples discussed

application sections (QES Potentials).
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1.8.4 Hermitian Hamiltonian vs P7- symmetric Hamiltonian

It is not at all obvious whether a Hamiltonian such as H in (1.89) gives rise to a consistent quantum
theory. Indeed, while past investigations of this Hamiltonian have shown that the spectrum is entirely
real and positive when € >= 0, it appeared that one inevitably encountered the severe problem of dealing
with Hilbert spaces. In 2003, Bender et al [70] explored how PT- symmetry relates to hermiticity, with

an approach based on the following established properties:
e P is linear and hermitian.
e P and H commute: [H,P] =0 (if H is P invariant).

o P2 =1.

e The n'" cigenstate of H is also the n'" eigenstate of p with eigenvalue, (—1)™.

One can show that PT- symmetry is a generalization of hermiticity by showing that all hermitian Hamil-

tonian have PT- symmetry.

1.9 Applications of hermitian and non hermitian Hamiltonian

There are some applications of the non-hermitian quantum theories, which we will discuss in following
sections:

Applications of Hermitian Quantum Theories

Non-hermitian Hamiltonians have various applications in quantum theories such as:

1. Fibre optics

2. Quantum Chemistry

3. Structural Phase Transition

4. Polaron formation in solid

5. False vacuua in field theory

6. Multiphoton Ionization

7. Theory of Strong Interactions without Gluons

In the previous chapters we have discussed the complex Hamiltonian systems along with some interesting
examples to find the Invariants in one- and two-and three-dimensions. The solutions obtained are useful
in many way. Some of the specific applications of the non- hermitian quantum theories discussed in this
chapters are highlighted. Although the results are obtained in this work for some particular systems,
yet their study help to understand many theoretical phenomena in physics and chemistry (structural
phase transition, polaron formation in solid, concept of false vacua in field theories, model for various

molecules, fibre optics etc.). In what follows, we briefly describe the application of non hermitian theory
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and summarize the finding of the present work along with some concluding remarks. Finally, we describe
the application of this above study.

Applications of non-Hermitian quantum theory

It is not yet known whether non-hermitian P7T- symmetric Hamiltonians describe phenomena that can be
observed experimentally. However, non-Hermitian P7T- symmetric Hamiltonians have already appeared
in the literature very often and their remarkable properties have been noticed and used by many authors
[71, 72]. Cubic non-hermitian Hamiltonian of the form H = p?+i3? arises in studies of the Lee-Yang edge
singularity [73, 74] and in various Reggeon field — theory models [75]. In all these cases a non-hermitian
Hamiltonian having a real spectrum appeared mysterious at that time, but now the explanation is simple.
In every case the non-hermitian Hamiltonian is P7T-symmetric and is constructed so that the position

)

operator @ or the field operator ® is always multiplied by ‘. Hamiltonians having P7- symmetry
have also been used to describe magnetohydrodynamic systems [76, 77] and to study non-dissipative
time-dependent systems interacting with electromagnetic fields [78]. In this section we briefly describe
different areas of quantum mechanics in which non-hermitian P7T- symmetric Hamiltonians play a crucial
and significant role.

1. Quantum Brachistochrone :-The similarity transformation maps the non hermitian P7 - symmetric
Hamiltonian H to a hermitian Hamiltonian h. The two Hamiltonians, H and h, have the same eigenvalues,
but this does not mean they describe the same physics. To illustrate the difference between, H and h, we
show how to solve the quantum brachistochrone problem for P7T- symmetric and for hermitian quantum
mechanics, and we show that the solution to this problem in these two formulations of quantum mechanics
is not the same.

2. Complex crystals:- An experimental signal of a complex Hamiltonian might be found in the context

of condensed matter physics. Consider the complex crystal lattice whose potential is
V(x) = iSinz. (1.90)

The optical properties of complex crystal lattices were first studied by Berry and O’Dell, who referred to
them as complex diffraction gratings [70]. While the Hamiltonian H = p? + isin & is not Hermitian, it
is PT- symmetric and all of its energy bands are real. At the edge of the bands the wave function of a
particle in such a lattice is bosonic (27-periodic), and unlike the case of ordinary crystal lattices, the wave
function is never fermionic (47m-periodic). The discriminant for a hermitian sin(z) potential is plotted
in figure-3 and discriminant for a non-hermitian ¢ sin(x) potential is plotted in figure-4. The difference
between these two figures is subtle. In figure-4 the discriminant does not go below-2 and thus there are
half as many gaps [71]. Direct observation of such a band structure would give unambiguous evidence of
a PT- symmetric Hamiltonian. complex periodic potentials having more elaborate band structures have

also been found.
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3. PT- symmetric quasi-exactly solvable Hamiltonians:- A quantum-mechanical Hamiltonian is
said to be quasi-exactly solvable (QES) if a finite portion of its energy spectrum and associated eigenfunc-
tions can be found exactly and in closed form [70]. QES potentials depend on an integer parameter J; for
positive values of J one can find exactly the first J eigenvalues and eigenfunctions, typically of a given
parity. QES systems are classified using an algebraic approach in which the Hamiltonian is expressed in
terms of the generators of a Lie algebra [78]. This approach generalizes the dynamical-symmetry analysis
of exactly solvable quantum-mechanical systems whose entire spectrum may be found in closed form by
algebraic means.

5. Other applications:- There are some other applications of non-hermitian theories as

1. In the theory of reaction-diffusion systems, many models have been constructed for systems de-

scribed by matrices that can be non-hermitian [79].

2. Quantum systems characterized by non-hermitian Hamiltonian are of interest in several area of the-
oretical physics: for example, in Nuclear physics one studies standard Schrodinger Hamiltonian with

complex potentials [80], which in this connection are called optical or average nuclear potentials.

3. In the Hatano-Nelson model of non-hermitian magnetic field there is a critical value of the anisotropy

(non-hermiticity) parameter below which all eigenvalues are real.

4. Non hermitian interactions are also discussed in field theories, for example, when studying Lee
Yang zeros. Even in recent studies on localization-delocalization transition in superconductors [51]
and in the theoretical description of diffraction of atoms by standing light waves non-hermitian

hamiltonian are of interest
5. In Bose sphere [65] the non-hermitian Hamiltonian represents the low lying energy levels of a system.

6. To study Delocalization transition in condensed matter systems such as vortex flux line deppining
in type-II superconductors [52], population biology [51], quantum cosmology, quantum field theory

and super symmetric quantum mechanics.

7. Perturbation series for a non-hermitian “effective” Hamiltonian [80] is used in nuclear theory. It
also references non hermitian Hamiltonians [52] being used in iterative methods to calculate a
wave operator with second order convergence. Optical potential which produces a non Hermitian
Hamiltonian with an associated bi-orthogonal basis set. It also references an iterative integration

method which can use non Hermitian Hamiltonians. Although the Bloch effective Hamiltonian is

non symmetric, yet it can give real eigen values.

8. The non-hermitian operator is used to treat scattering phenomena in atomic and molecular physics

81].
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9.

10.

11.

12.

13.

14.

The quantum decay process is explained by non hermitian Hamiltonian [82]. As a consequences of
uncertainity principle, a decay state could not have sharp energy and that the width of such energy

levels could be represented by an imaginary component.

It is unknown whether any non-hermitian Hamiltonian can be used to describe any experimentally

observable phenomena, although these had already been used to describe interacting systems [65].

Non-hermitian Hamiltonian is used to calculate the electronic structure of crystalline Arsenic.The
chemical pseudo potential theory often give rise to a non-hermitian representation of interaction

between localized electronic orbits .

In condensed matter physics Hamiltonians rendered non-Hermitian by an imaginary external field
have been introduced to study delocalization transitions in condensed matter systems such as vortex

flux-line depinning in type-II superconductors [51, 52].

In Bender’s first publication on PTSQM he mentioned that non Hermitian theories had even been

used for a theoretical model of population Biology.

Weigert noted some applications of non-hermitian Hamiltonians in the description of absorptive
optical media, inelastic scattering from nuclei and other loss mechanism on the atomic or molecular
level. He also noted that non-hermitian theories had recently been ”rediscovered” within particle

physics.
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Chapter 2

Rationalization Method:Invariants
for Classical Systems in ECPS

2.1 Introduction

In physics and mathematics, completely integrable systems, especially in the infinite dimensional setting,
are often referred to as exactly solvable models. This obscures the distinction between integrability in the
Hamiltonian sense, and the more general classical dynamical systems sense. An imprecise notion of exact
solvability as meaning: The existence of sufficient number of invariants, in terms of which the solutions
may be expressed. In the general theory of differential systems, there is Frobenius integrability, which
refers to over determined systems. In the classical theory of Hamiltonian dynamical systems, there is the
notion of Liouville integrability. A classical Hamiltonian H (z, p) is a function from a 2n-dimensional phase
space into the real numbers. Liouville, who defined that a classical Hamiltonian H (z, p) is integrable when
it possesses n functionally independent first integrals in involution with a certain degree of regularity,
e.g., being smooth or analytic. The complexity of the dynamics defined by H(x,p), i.e., the regular or
chaotic behavior of the orbits of the Hamiltonian, strongly depends upon its integrability. Particularly,
the dynamics is not considered chaotic when H (z,p) is integrable. We look, therefore, for an answer at
the fundamental level of dynamics based on the classification of dynamical systems in terms of instability
and integrability.

In the context of differentiable dynamical systems, the notion of integrability refers to the existence of
invariant, regular foliations. There is thus a variable notion of the degree of integrability, depending
on the dimension of the leaves of the invariant foliation. This concept has a refinement in the case of
Hamiltonian systems, known as complete integrability in the sense of Liouville (see section 1.2, chapter
1), which is what is most frequently referred to in this context.

If it becomes possible to obtain all the invariants or constants of motion of a dynamical system, then
the system is identified as integrable, otherwise it is a non-integrable one. Also, as mentioned in chapter

1, the number of functionally independent invariants including the Hamiltonian (for autonomous cases)
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to be same as the dimensionality of the system. For explicitly TD systems (nonautonomous systems)
the Hamiltonian is itself not a constant of motion and then one have to find an additional invariant to
ensure the integrability of the system. Therefore, one dimensional TID systems are trivially integrable
and for two dimensional TID systems one requires to find only one constant of motion to establish it as
an integrable system.

After publication of the seminal paper by Bender and Boettcher in 1998 [1], quantum mechanics of non-
hermitian complex potentials, particularly P7T-symmetric Hamiltonians, is widely studied. But little
efforts have been made on the classical front. So construction of classical invariants for non-hermitian
systems are also important. Recently, The extended complex phase space (ECPS), characterized by
r = x1 +1ip2 and p = py +ixy are to study some classical aspects of non-hermitian Hamiltoinians. Similar
transformations have also been used in some other studies [2, 3, 4, 5]. The ECPS approach was further
used in [29] for study of one-dimensional non-hermitian quantum systems. As far as the construction
of invariants for non-hermitian systems in an ECPS is concerned, only a few studies of one-dimensional
systems have been reported in recent past. Therefore in the present chapter, we obtain invariants for a
general classical dynamical system in two-dimensional ECPS.

Although many methods for the construction of real/complex invariants may be found in the literature,
here we follow the rationalization method which has been widely used in the past [3, 4, 5]. This method
is quite straightforward and can provide exact invariants.

Rationalization method

This method has been used to construct invariants of both TID and TD systems in one and higher
dimensions. Whittaker [6] introduced this method in early nineties for the construction of invariants,
second order in momenta, of TID systems. Subsequently, this method has been used by several workers
for finding invariants of both TID and TD system in one and two dimensions [2, 3, 4, 5, 9, 18]. Since
this method is being used for obtaining invariants of two or higher dimensional TID systems, therefore,
we briefly describe the method considering a two dimensional TID dynamical system described by the

Hamiltonian as

H =2 (p; +p,) +V(zy), (2.1)

N =

Suppose this system admits a constant of motion (a fourth-degree polynomial in momenta) in eq.(2.1), as
1 1 1
I'=ao + aibi + 57ai;&&5 + 570ij&il&r + 7 0im&Ei& & + ... (2:2)

where 7, j,k,[,... = 1,2, & = &1, & = &2 and ao, ai, aij, Qijk, Qijkl, etc. are functions of z;, z2 only.
In fact for TID systems, due to the time-reflection symmetry of Lagrangian, a polynomial constant of

motion consists of either even or odd powers in momenta (2.2). Therefore, for the system (2.1) the above



2.2 Construction of second order invariants in one-dimension 49

expression reduces to.
1 1
I'= a0+ 5705685 + 170im &€& + o (2.3)

The invariance of the function I implies dI/dt = 0. i.e.

dI
E:[IvH]PB:Oa (24)

where [..]pp is Poisson bracket and H is Hamiltonian of system. On rationalizing the expression obtained
after using (2.2) in (2.4), with respect to the power of &;, &, ... etc. and their all possible
products, we get a system of over-determined coupled first order differential equations for the coefficient
functions ag, as, @5, @ijk, @ijki,-... etc. The mutually consistent solutions of these partial differential
equations (PDEs) for potential V| give the invariant. As this method gives exact invariants for a system,
one can utilize it to find higher order invariants for both real and complex Hamiltonian systems in two or
higher dimensions. We will further elaborate the rationalization method for construction of higher order
classical and quantum invariants of a number of systems.

In the present chapter, we will give self-contained presentation of the work i.e, the construction of second
order classical invariants for a number of dynamical systems employing rationalization method in one
and two dimensions in section 2 and 3. Section 4 deals with the construction of fourth order complex

invariants using complex coordinates in ECPS.

2.2 Construction of second order invariants in one-dimension

In physics, phase space is a concept which unifies classical (Hamiltonian) mechanics and quantum me-
chanics. In classical mechanics, the phase space is the space of all possible states of a physical system.
One needs both the position and momentum of system in order to determine the future behavior of that
system. Consider one such one-dimensional real phase space (z,p,t), which can be transformed into a

complex space (1, pa, p1,x2,t), by defining position and momenta variables in ECPS as
T =z +ip2;  p=p1+ize. (2.5)

Of course, the presence of variables (p2, x2) in the above transformation eq.(1.1), can be regarded as some
sort of coordinate-momentum interaction of the dynamical system [4].
Thus for function I to be the TD (time dependent) dynamical invariant of the system in complex phase

space, then this must conform the following invariance condition:

dl 01

—=—+[,H=0. 2.6

oo (2.6)
where [.,.] is the Poisson bracket given by

_OTOH 09I 0H

L H = 55, ~apar
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The Hamiltonian H(x, p,t) of a one-dimensional system in complex space can be expressed, using eq.(1.1),

as

H = Hy(x1,p2,p1,%2,t) + iHa (21, p2, p1, 72, ). (2.8)

Note that (z1,p1), (z2,p2) constitute canonical pairs. Now consider a complex phase space function

I(z,p,t) as
I = Ii(z1,p2,p1, 72, t) +ilz(x1, p2,p1, 2, 1). (2.9)

Thus for function I to be the TD (time-dependent) dynamical invariant of the system in complex phase

space, then this must conform the following invariance condition: 4& = 2L 4 [I, H] = 0. where [., ] is the

Poisson bracket, which in view of the definition eq.(2.5), turns out to be

[I5H](I,p) = [IaH](;El,pl) - i[Iv H](wl,mg) - Z.[IaI{](;Dzﬁﬂl) - [IaH](pg,wz)' (210)

Now using I = Iy +ils, H = Hy + iH> in eq.(2.7). Where Iy, s, H; and Hy are real functions real

variables (21, pa, p1,x2,t), Eq.(2.6) will yield

0 . 0 .0 . 0 .0 .
&(Il + ZIQ) + (a—xl — Za—m)(ll + ZIQ)(a—pl — Za—%)(Hl + ZHQ)
0 .0 . 0 .0 .

After equating real and imaginary parts separately to zero, one obtains the following pair of equations:

oI, oL 0L, OH, OH» 0, oI, OH, OH,
ot Vo T 90, T om) e om0y
oI, Ol OH, OH,. 0L, 0l 0H, OH

IR U TR SR sl el el (212)

And imaginary part is

ol, oL, oL OH, OH, 0, 0l 0H, OH,
ot Vom0 T om) T Gy T on o 0y
oL, oI, OH, OH,. oL 0, OH, OH,

oo T35 T om0 ) (2.13)

If Hamiltonian phase space does not involves the time ¢, then we can rewrite this and the term % and

% in eq.(2.12) and eq.(2.13) must equal to zero. Now consider if imaginary parts I and Hy in I and

H, are absent, then Eqn.(2.12) and (2.13) can rearrange this to get

ol ol ,0H, 0l ,0H, 0l ,0H, ol ,0Hy,

o G ) o) ) o) B ) 7 O
and

O _ (Oh, oty (Oh, oM, OhL,0H OhL,oM, , (2.15)

8t 8[)2 8[)1 8$1 8:172 8:172 8$1 8})1 8})2 e '
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The prescription for the construction of complex invariant I is same as that used earlier for the real
Hamiltonian system. In brief, it can be listed as follows.

For a Hamiltonian phase space H(z,p,t) we consider I (as an ansatz) in form of momentum p, using
extended complex phase space approach both H and I can be set in the form I = I1 +il, , H = Hy +iHo,
and then put the I, I>, H; and Hs in Eqn. (2.12) and (2.13) with respect to power of p; and x5 and the
expression will yield coupled partial differential equations for the arbitrary complex coefficient functions
appearing in the ansatz for I. The substitution of solutions of these partial equations (if the solutions
are unique) in the ansatz for I, then this will yield the final form of invariant I. in forthcoming section

we will discuss some examples from classical and quantum dynamical system

2.2.1 Some examples of dynamical system

There are various and different examples from classical and quantum dynamical system, but in present
sections we will discuss few of them
1. Simple harmonic oscillator system
The theory of Simple harmonic oscillator is widely used in physics wiz; black body radiation, kinetic
theory of gases, electron in a box, diffraction in solids and so on. Oscillations of molecules can usually
be analyzed fairly accurately as simple harmonic oscillations, in particular the diatomic molecule.

Our aim is to construct the complex invariant for SHO. For this we make the use of the methods
discussed in previous section. Consider the case of simple harmonic oscillator systems with in the frame
work of rationalization method.

Note that for simple harmonic oscillator systems

1 1
H= 5p2 + §w2x2. (2.16)

one possible complex invariant for TD harmonic oscillator system, u = In(p + imwx) — iwt (as cited in
[2]), has already been known in literature. Here we establish the complex version of (2.16), known as

PT-symmetric version is obtained by using (2.5) in (2.16), as H = Hy + iH, with

1
H, = g(p% — x% + wzxf - w2p§); Hy =pizs + w2x1p2. (2.17)

With concerns to the physical insight into the complexified form of the Hamiltonian, the following obser-
vation is worth mentioning. In fact, it is found [9] that if H; can be identified with the (real) Hamiltonian
of a two-dimensional physical system, then in several cases (studied in Ref. [9]) the analyticity property
of H suggests that Hs is the second integral of the motion of the system in the sense that [H;, Ha] = 0,

and H, and Hj are linearly independent with respect to the canonical pairs (z1, p1), (2, p2), (23, p3) and

(5047]94)-
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The above systems may allow a complex invariant I in the form
I = agp(x) + ag(x)p?. (2.18)
and write its complex translation in the form
=1 +il,. (2.19)
where
I = agr + a2, (p} — @3) — aziprze;  Ir = ag; + azi(p — 23) + a2, p172. (2.20)
and the complex coefficient functions ag(z), and az(x) are written in the form
ao(r) = aor(v1,p2) +iagi(x1,p2);  a2(x) = ag (1, p2) + iazi(r1,p2). (2.21)

with agy, ag;, a2, and ag; are the real functions of their real arguments. Substitution of (2.17), (2.18) in

(2.12) yields the expression

8a0i 8a2T 6a2i

a0107‘
[( O0x1 * 3172 ( 01 31)2

8a2T

8a2T 6a2i

)(p} — 73) + (2p1a2)(

Opa Oz

)| e

8a2T 6a2i

6a0i 8a0T 8a2i
_{( 91 Ops * dz1  Op2

)(p} — 73) + (2p1a2)(

Ory  Ops

—(p1az, — x2a2;)(8w?x1) + (prag; + w2a2,)(8w?p2) = 0.

)| 222

(2.22)

which can be rationalized with respect to the power of x1, ps and their combinations to give the following

set of four coupled partial differential equations

8&07« 8&()1'
dr1  Op2
Oag,  Oaop;
Opa Oz
6a2i _ 8agr —0:-
dry  Opa

2 2
— 4w a2, + 4w paag; = 0;;

+ 4wz ag; + 4w’peag, = 0;;

8agr 8a2i

e oy~ 0

(2.23)

(2.24)

(2.25)

So for construction of complex invariants in one-dimensions one has to find out solutions for following

unknown parameters agy, ao;, a2, and as; which are functions of (x1, pa).

(i) Solutions for ag,, as;.

For determination of asg,,as;, equations (2.25) can be reduced to similar second-order forms for the

functions as;, ag;, respectively,as

820,27« 820,27« oAl
0z? dp3 '

82 ag; 82 ag;
- =0.

0z? Op3

(2.26)
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Assuming separability of ag, and ag; under addition as ag, = Xo,(21) + Par(p2), a2i = Xoi(x1) + Pai(p2)

it is not difficult to obtain the solution of (2.26) in the form

azr = = (27 — p3) + anx1 + aaps + 01;

[\l

azi = = (27 — p3) + Brx1 + Bap2 + b2 (2.27)

[N S

where aq, as, 81, 82,01, 02 are arbitrary constant of integration to be determined later.
(ii) Solutions for ag,, a;
Differentiating (2.25) with respect to z1 and again (2.25) with respect to ps and add

82a0T 62 agpy
gz} Op3

6a2i 8agr

Oagr  Oag; )
Ox1  Op2

2
02, 8p2) 4w”pa(

Oao; Oag;
Ops + P2 01 )

= —8w?(Box1 — Pip2). (2.28)

4wz (

= —8w?(x;

where we have used Eqgs.(2.25) and then expression (2.27) to simplify the right hand side. For solution
of (2.28) we again assume a separable form ag,(21,p2) = Xor(21) + Por(p2), a0i = Xoi(z1) + Poi(p2) this

lead to pair of ordinary partial differential equations whose solution immediately will yield

4 c
aopr(z1,p2) = —ng(ﬁgwf + ﬁlpg) + 50(90% — p%) + c121 + cops + cs. (2.29)

where c,, 1, co and c3 are the arbitrary constants of integration. Another result for ag, can be obtained if

one retains the term (%‘g) and (%‘f{‘) in (2.29) instead of (%) and (%“—;f) and looks for the solution of
the resultant partial differential equations again in the separable in the form z; and ps. The corresponding
result for ag, then becomes

2 4 Ce
aor (1, p2) = Swiv(et +p3) + gwi(onat — aopd) + S —p3) + wr + Gt (230)

Uniqueness of expression (2.29) and (2.30) for ag, would require that
a=0,02 =—a1,a1 = f2,¢0 = o, 1 = C1,02 = C2,C¢3 = C3. (2.31)
This will yield acceptable form of ag, as

4
aor(z1,p3) = —§w2(P25€? + p1py) + co(x] — p3) + c1x1 + cops + cs. (2.32)

For determination of ag; one follows the same procedure as followed for ag, and obtains the coefficient

function ag, (1, p2) in the form

4
aoi(z1,p2) = §w2(61x? — Bop3) + do(x? — p3) + dyz1 + dops + d3 (2.33)

where d,,d1,ds and dz are the arbitrary constants of integration. With the choice (2.30)(including now

a = 0)for the arbitrary constants the expressions ag, and ag; now takes the form

agr = —fox1 + f1p2 + 01; az; = P11 + Pap2 + 02 (2.34)



2.2 Construction of second order invariants in one-dimension 54

Note that the forms [(2.31)-(2.34)] of aor, ao:, a2r, az; are determined only from (2.14). With this ex-
pressions for the coefficient function when (2.15) is rationalized, one obtained several constrains relations
among the arbitrary constants appearing in Eqn. [(2.31)-(2.34)], thereby reducing the number of arbi-
trary constants in the final solutions. The constrained so obtained are ¢; = —da, dy = ¢, co =
4?5y, do = 4w?6,.

which gives rise to forms of coefficient functions as

Co dO
—5  az =[x + Pepe + —5;

azy = —fBox1 + Pip2 + 1w 1w

4
aor(z1,p2) = —§w2(62x§ + B1p3) + co(x] — p3) + c1z1 + dips + c3;

4
api(z1,p2) = §w2(ﬁ1x? — ngg) + do(xf —p%) + dyx1 — c1p2 + ds. (2.35)

Construction of Invariants. For the construction of complex invariants using the results (2.35) for
aor, ao;, 25, G2; One can obtain the complex invariant I from (2.20), in which the real and imaginary parts

I, and I are given by

4 c
I = §w2(62x? + B1p3) + 50(96% —p3) +erwy + dips

+(p} — 23)(=Paw1 + Bipa + ) = 2p122(B171 + Bap2 + ﬂ); (2.36)

Co
2 2w?

2w

4 d,
I, = §w2(61x§ — Bop3) + ?O(CC% —p3) +dizy — cipe
2 2 do Co
+(py — x3)(Brw1 + Pap2 + ﬁ) + 2p1xo(—LFoz1 + Bip2 + 2—w2)' (2.37)

Finally the complex invariant I = I; + iy can be written as

4 . o . . ) o
I= ngb(:c? +ip3) + 70(:5% —p3) 4+ o1(x1 —ipa) + (p? — a3 + 2ipyo)(bxy — ibpy + ﬁ)@.%)

or on simplification we can write

4 . o . . . o
I = §w2b(x? + ng) + go(xf - pg) +o1(x1 —ip2) + (p% - x% + 2ip1a2) (b — ibps + ﬁ) (2.39)
where b = —(2 +i81; 09 = ¢o +idy; 01 = ¢1 + idy are the arbitrary constants. In real and complex

coordinate it is written as

b 2
I= %x*(?)xz + %) + %(12 +2*?) + orz* + (br* + %

2
)p

where x* = x1 — ips, p* = p; — ixy. are as defined earlier, which conforms the invariance condition for
integrability with view of poisson bracket.

2. Non-hermitian P7-symmetric Hamiltonian

This type of Non-hermitian P7T-symmetric Hamiltonian have been discussed by Bender et al [1]. With a
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motivation for constructing complex invariant for above systems we make the use of methods discussed

in previous section. Note that for Non-P7T-symmetric Hamiltinian systems

1
H= 5p2 + iz + iz (2.40)

The complex version of (2.40), i.e. the PT-symmetric form can acquire by using (2.5) in (2.40), as
H = Hy + tH;, with

Hy, = %(pf —a3) + py — 3a3ip2 — p2); Ha = pros + a4} — 3a1p3 + 1. (2.41)
and we make an assumption that it posses a complex invariant I in the form
I = ap(x) + as(x)p?.
this can be rewritten in its complex variant, in the form I = Iy + il5. where

I = ag, + a2, (p} — 23) — agip1ze;  Io = ag; + a2 (p] — 23) + agp172. (2.42)

Substitution of (2.41), (2.42) in (2.12) yields the expression and rationalization of the resultant expressions
with respect to the powers of p1, x2 and their combinations gives a set of four coupled pdes. These pdes
can again be solved by following the procedure adopted in the previous case. For the construction of
complex invariants using the results from solutions of pdes for ag;, ag;, a2y, a2; one can obtain the complex

invariant I from (2.20), in which the real and imaginary parts I; and I» are given by

1
I = 2B2(23pa + 21p3) — B2t — p3) — Bi(a} +p3) + 5(?? — 23)(—Paz1 + Bip2)

—p122(B121 + B2p2). (2.43)

1
Iy = =21 (a3ps + 21p3) — B2(2] — p3) — Ba(a? +p3) + g(p% — 23)(B171 + B2p2)

+p122(—PB221 + Bip2). (2.44)
Finally the complex invariant I = I; + iy can be written as
I=2b(xip2 + w1p3) — (] — pa) — (27 +p3) + on (@1 — ip2) + (0 — 23 + 2ip12) by — ibp).  (2.45)
or on simplification we can write
I = iba®z* + ibra* + %bx*p? (2.46)

3. PT-symmetric Hamiltonian system

Note that for PT-symmetric Hamiltonian system

1
H= 5pQ + 1z + iz’ (2.47)
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Here we demonstrate that the complex version of (2.47), namely the P7T-symmetric one obtained by

using (2.5) in (2.47), as H = Hy + iH, with
1
H, = i(p% - x%) + 21 — 3x%p2 —I—pg; Hy; = prxs + a:zl)’ - 3x1p§ + po. (2.48)
Following the prescription outlined in previous example the coefficient functions comes out to be

aor(z1,p2) = 2Ba2(25ps + 21p3) — Ba(af — p3) — Bo(a] + p3).

aoi(w1,p2) = =21 (xip2 + 21p3) — Pa(2] — p3) + Br(af + p3). (2.49)
Using the results for the coefficient functions, the complex invariant I can be written as
-7 3% * 1 * 2
I =ibx"x* + bxa™ + gbx D (2.50)

which conforms the invariance condition for integrability with view of poisson bracket.

4. Complex cubic potential

For constructing complex invariant for complex cubic potential here, we first consider the case of PT-
symmetric Hamiltonians systems. Spectral analysis of the complex cubic oscillator has been carried
out by many researchers [8]. Using the exact semiclassical analysis, They studied the spectrum of a

one-parameter family of complex cubic oscillators. Note that Hamiltonian for complex cubic potential is
H = p* + 61 (iz) + 62(ix)? + 3(ix)>. (2.51)

The complex version of (2.51), i.e. the PT-symmetric version obtained by using (2.5) in (2.51), as
H = Hy + tH; with

Hy = p? — 23 — 01pa — 02(23 — p3) — d3p3 + 30373 pa;

Hs = 2prxo + 0Ty — 252:171})2 — 53$? + 353x1p§. (252)

Following the same procedure for the coefficient functions, one can obtain the complex invariant

1
I =iblx" 20, — ?z*(m” — 32%) —idzx*2® 4+ z*p?].
conforms the invariance condition for integrability.
5. Integral corresponding to non-linear evolution equations
The Koerteweg de-Vries (KdV) equations has wide ranging applications in non-linear physics [45]. More
physical insight into mathematical content of [45] can be employed searching an invariant for a Hamil-

tonian derived from this equation. The KdV equations in one-dimensional real field u(z,t) is given

ou _ (Oou 3u

by
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where @ and 7 are constant. In stationary frame £ = (x — vt), Eq(2.53) becomes

0%u 1_,
——= =u— -au’.
Noze =7

Where 7 is a free parameter characterizing the velocity of a stationary wave. Make an identification, such
as u as the position coordinate and £ as time coordinate and 7 as mass parameter, the above equation
becomes identical with equation of motion for one-dimensional anharmonic oscillator described by the

potential,

V(u) = —(%) 24 (%)ﬁ (2.54)

Hamiltonian correlated to this potential, can be written as

Ly 7, ay 3
H—2p 5% +<6>:v. (2.55)

using (2.5) in (2.55), gives us H = Hy + iHy with

1 0 a
Hy = 50t~ 23) - 2t~ p3) + (ot~ Bapd);
a
Hy = przo — yxipe + 6(320%]92 —p3). (2.56)

Substitution of (2.56), in (2.12) yields the expression and rationalization of the resultant expressions gives

solutions for as,., as;

1 1 a a
aor = Boyr1ps + B1ywips + gﬂl’ﬂ);gﬂz’ﬂi’ - 652(31741l —p3) — gﬂmpg + @3 po;

1 1 a a
agi = —B1yz1ps + Boywips + gﬂwpg - gﬁwx? + 58 (zf —p3) — gﬂz(fmpg + 23p2). (2.57)

one can obtain the complex invariant I from

b ba b
1= —lx*(3x2 —2?) + 2B+ —z*p? (2.58)
6 6 2
where b = — (5 + i31; are the arbitrary constants.

6. Shifted harmonic oscillator complex x-plane
This type of oscillators has been discussed in context of neutron scattering [10]. They have been used to
study the spin-orbit coupling term in shell model by neutron scattering using complex harmonic oscillator

potential. Recalling that for shifted oscillator complex x-plane

1 1 1
H= 5]92 + §w2(:v + 52’7)2. (2.59)

where w and « are real constants. This form of H, after appropriate scaling of z and p (with w = 1)

expressing it as,

1 1
H = §p2 + 5:102 + iy,
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using (2.5) in (2.59), gives as H = Hy + i¢Hy with

Hy = =(p} —p3 + a1 — a3) —yp2;  Hz = p1as + :1p2 + Y21,

N | =

co-efficient functions ag,, ap; appears to be

4
aor(z1,p2) = —g(ﬁw? + B1p3) — Biy(a} + p3) + c1z1 + dipa + cs;

4
api(w1,p2) = g(ﬁw% — Bop3) — Bay(af + p3) + dray — c1pa + ds. (2.60)
one can find the complex invariant I in the from I = I; + il5 as

b
I= gx*(?)ac? + %) +ibyza* + oyz* + ba*p?. (2.61)

which conforms the invariance condition for integrability.

7. Quartic potential

The advent of high-speed digital computers creates revolution numerical calculations. this leads to
considerable interest in highly anharmonic vibrational systems. The simplest of these systems is the one-
dimensional quartic oscillator. To date, the most comprehensive results are obtained by many researchers,
whilst the most accurate energy levels have been calculated by Secrest et al [11]. This has indeed
been found to be the case for several molecules, for example, trimethylene oxide, cyclobutane, and
cyclobutanone. Invariants for this type of system will useful in understanding the complex trajectories.
For constructing complex invariant for complex quartic potential here, consider the case of complex

quartic potential systems. Hamiltonian complex quartic potential systems

1 1 1
H = §p2 + 55%172 + 152174 (2.62)
using (2.5) in (2.62) allow us to write
1 1 1
Hy = (i = 25) + 501(21 = p3) + J02(a1 + p — 621p3);

Hy = p1as + 6171p2 + 82 (3 pa — 21p3).
This concedes coefficients

1 1
aogr = —551 (B2} + Bipy) — 01(Boa1p3 + Brwipz) + 02(Bea1ps — Prxip2) + 352(ﬁ1pg — Box});

1 1
a0 = 301 (B12} — Boph) + 01(Br11p3 — Baip2) — a(Braaps + Baxipa) + 352@22?3 + ). (2.63)
Using the results (2.63), Invariant can be written as

_ b
6

*(3x% — 2?) + @(5141* —2°) + Ex*p? (2.64)

! 20 2

which conforms the invariance condition for integrability.
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2.3 Construction of second order invariants in two-dimension

In classical dynamics a TID Hamiltonian system with two degrees of freedom is integrable if a constant
of motion is known, I, independent of the hamiltonian H,[I, H|pg = 0,[,]p5 is the Poisson bracket. Any
trajectory of the system in a four-dimensional phase space lies on one of the hypersurfaces [H = const.,
I = const.] which should be two-dimensional. The integrability of classical systems with a hamiltonian
2
H= Z %pf + V(pi).
i=1

is established in some cases of interest for physics [16]. Recently it has been shown that the study of
nonlinear systems of this type may be useful for solving the problem of integrability of the Yang-Mills
equations in classical field theory [1-2].

Colt [24] in his article constructed Invariant for two dimensional TID Hamiltonian systems namely

2 2
3
H=" Py | |28y %4248 (2.65)
2 2 4
and its invariants found to be
3 2 2 _2 4 1
I = 2p; + 3p.p, + 3eps | (27 + )y~ 3 — 3y® + 18pyexy? (2.66)

The second type of Hamiltonian taken by Colt is

p: D
H=§+Ey+w2+4y2+5_2 (2.67)
and its invariants
I = pipy + 2e(4ayp, — pyx2 + pyéx_2) (2.68)

Inozemtsev [12] shown that a classical system with hamiltonian

1 s
H = §(p§ +p2) + Aay) 5.

possesses a constant of the motion
_2
I = papy(Pay — py) + 2M(ypy — 2pa)(2y) 3.
One can clearly note that in all the above cases

[H,I]=0 (2.69)

but the quantum system with the same hamiltonian has no constants of the motion which are polynomials

in the momenta of order not higher than three, except H.
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Feng [13] in his letter, constructed integrals for a two-dimensional Hamiltonian system with a quartic

potential, [11] whose Hamiltonian can be expressed as

1
H = 5(pi +p§) + Az? + By? + ax* + Byt + d2%y°.

and their, the equations of motion are given by
F=pe; pe =24z — 22(2az? + 0y?);
J=py by = —2By - 2y(2By* + 0a?).
or
&= —2Ax — 22(202? + 6y?);
i = —2By — 2y(28y* + d2°).

The above Hamiltonian system is known to be integrable for the following four cases [17,18,19]:
) =a,0 =2a, «a,A, B arbitrary,

II) 8 =a,0 =6a, A= B, «, A arbitrary,

(
(1) g

(III)p = 16,0 = 12, B =4A, «, A arbitrary,
(IV) B =8a,0 = 6a, B = 4A, «, A arbitrary.

With the corresponding second integrals listed as follows:

B—A
(I) I =I(2,9,pz:py) = (TDy — yps)® + T[pi +2y*{A+ a(2® + y*)};
(II) I, = I(z,y,ps,Py) = Puby + 23y[A + 2a(2* + y)];
(IIT) Iy = I(z,y,pe. py) = (2py — Yp2)Pe + 22°y{A+ a(z® + y*)};

(V) Li=I(z,y,ps.py) = dax®(zpy — 2yps)* + [P} + 20°{A+ a(a® + y)}]. (2.70)

So from above cases it is interesting to study the integrability of Dynamical systems in two dimensions.
Here, in the present work we carry out the ECPS approach to obtain exact complex integrals of a two-
dimensional classical dynamical system [4, 29]. Rationalization method method is explored for such
constructions as this has been widely used in literature for the construction of exact real and complex
integrals.

Kaushal et al [29] has investigated the complex invariants of one-dimensional complex Hamiltonian sys-
tems on the extended complex phase plane, characterized by © = x1 + ip2 and p = p; + ixo. In this
approach both x and p are separately made complex by extending each of them to the corresponding
complex planes, i.e. inserting an imaginary component in each. From physics point of view ps and x»
can be regarded as fictitious/spurious components of momentum and coordinate respectively and their
presence in the above transformation equations as such allow the introduction of some sort of coordinate-

momentum coupling of the dynamical system. However on the classical level only a few studies of
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one-dimensional systems have been reported in recent past.

In this section we carry out the extended phase plane approach to obtain exact complex invariants of a two-
dimensional classical dynamical system. Mishra et al [30] have used the extended phase plane approach
to obtain exact complex invariants of a two-dimensional classical dynamical system. The two-dimensional
system on extended phase plane characterized by x = z1+ips; y = xo+ips; Pz = p1+iT3; Py = p2+iza.
In this approach both z,y and p,, p, are separately made complex by extending each of them to the cor-

responding complex planes, i.e. inserting an imaginary component in each.
2.3.1 Formalism

The physical state of a classical and quantum dynamical system is completely described by the position
vectors and momentum of the phase space. In Hamiltonian mechanics generalized coordinates and mo-
menta are used insteadr = (1, x2, ..., x,); P = (P1,D2, -, Pn)-

In similar context consider a two-dimensional real phase space (z,y, Pz, py,t), and the transformation

equations defining the position and momenta variables as
T =21 +ip3;  Y=T2+1ips; Py =Pp1+iTs; Py =p2+iTa. (2.71)

the new variables (x3,z4,ps,ps4) in the above transformation eq.(2.71), can be considered as a type of
coordinate-momentum interaction of the dynamical system. The Hamiltonian H(z,y, ps,py,t) of a two-

dimensional system in complex space can be expressed, using eq.(2.71), as

H = H(x1,ps3, 2,4, P1,23, P2, Ta, t) + iHo(x1, p3, T2, pa, D1, T3, P2, T4, t). (2.72)

We can rewrite eq.(2.71)

0_0 G0 0 _0 0 0 0 0 0 _0 0 o
dxy  Ops’ Oy Oxz  Ops’ Ops  Op1 Oz Opy, Opx Oz .

i

As we have already discussed that the invariant is also a complex phase space function I(x,y, pz, py,t),

so consider it as

I = Il(x17p37$27p47p17$3;p2; T4, t) + iIQ(I1;p3a T2,P4,P1,T3,P2, T4, t) (274)

For making sense of the Liouville integrability for function I, to be the TD (time-dependent) dynamical

invariant of the system, then this must follow invariance condition:

dar - or
= TILH]=0. (2.75)

where [.,.] is the PB, which in view of the definition, eq.(2.72), turns out to be

(L, H) (@ p) = 1, H)(w1,p1) — T, H(21,5) — i1, H]( 1, H)(

P3,p1) P3,23)

+ [Ia H](mg,pg) - i[Iv H](wg,m4) - i[Iv H](p4,172) - [Iv H](p4,ac4)' (276)
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We can rewrite eq.(2.75) using [ = Iy + ily , H = Hy + iHs, where I, I5, H; and Hy are real functions

real variables (x1, p3, X2, P4, P1, T3, P2, T4,t) , Eq.(2.75) will yield

0 . ) .0 . 0 .0 . 9 )
il T il) + (5= = ig I +ih) (5 - — i =) (H + i) = (5 — i)
) , o .0 ;)
(h + i) (5= — i =) (H + i) + (5= — i) (0 + k) (5
.0 . o .0 , o9 9 .
_Zﬁ—m)(Hl +iHs) — (3_1)2 - Za—m)(h + zIz)(a—a72 - za—m)(Hl +iHy) = 0. (2.77)

Separating and after equating the real and imaginary parts to zero, the following pair of equations are

obtained: as real part is

0l oly, 0I,, 0Hy 0Hs ol, 0, 0Hy 0OH;
o G T opTp T 0w~ Bes " 50 Op oy
oy, 0I, ,0H1 O0Hs ol, 0L, ,0Hy, OH;
o e o) T ap ) o
oly, 0I,,,0Hy O0H, ol, 0I,,0Hy, 0H;
Bas " 900 Ope 000?009 Ope D
(611 0l ,O0Hy O0Hs ol, 0L, ,0Hy OH;

352 000 e T op) o 0w om,  Opa) 27

and imaginary part is

0l o0l 0ly ,0Ho OH;
ot " Gn "o o T o) T B T o o)
0ls ol . OHy O0Hs ol 0l 0Hy 0OH;
(31)1 3$3)( 01 N Ops3 ) (31)1 * 3$3) Oxr1  Ops )
oL ol oM oy ok o oMy O,
Oxa  Ops” Op2  Oxa Oxa  Ops” Op2  Oxa
0ls ol . OHy O0OHs o0l 0l 0Hy 0OH;

gy "9 0 T aps) " By T 0y ) (2.79)

(912 (911 6H1 aH2

In Hamiltons approach if one consider that the system does not depend on time ¢, then the term % and

% in eq.(2.78) and eq.(2.79) are equal to zero. Simultaneously if imaginary parts Iy and Hy in I and

H, are absent, then eqn.(2.78) and (2.79) can rewritten as

ol ol . ,0H, 0l  ,0H, ol  0H 0l,  0Hs
o (8—171)(8—1)1) - (8—171)(8—;)1) - (8—1)1)(8—1:1) - (8_;)1)(8—351)

ol . 0H; 0l ., 0Ho ol ., 0H, 0l ., 0Ho

SLER) (L) - (EH(ED) - (2= =o. 2.80
(31,2) s (8p4)(3p2) (31)2)(3362) (ap2)(3x2) (2.80)

and

0ls 0l . 0H; 0l . OH, 0l 0Hy 0l . ,0Ho
E+(8—m)(8—m)+(8—m)(8—m)_(8—m)(8—m)+(8—m)(8—m)

o0l, 0H; 0ls . 0H, 0l 0Hy 0l ., 0Ho B

(8—172)(8—;)2 +(3—x2)(8—p2 —(8—m)(8—x2)+(8—p2)(8—x2)—0. (2.81)

The recipe for the construction of complex invariant I is same as that used pervious cases for one-
dimensional systems. After developing the formalism, in what follows we find invariants of for some

specific real/complex potentials.
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2.3.2 Harmonic oscillator system

One of the most important and widely used quantitative measures of complicated behavior of a dynamical
system is the Simple harmonic oscillator system. With a motivation to construct complex invariant by
using the methods discussed in previous section for some cases here, we consider simple harmonic oscillator

systems. Note that for such systems

1
H=_(p2+p)+ §w2(x2 +y%). (2.82)

N =

There exist a well known complex invariant, u = In(p + imwz) — iwt (as cited in [2]), for complex TD
harmonic oscillator system. The complex version of (2.82), i.e. the PT-symmetric Hamiltonian can

attain by using (2.71) in (2.82), as H = Hy + iH, with

1 1
Hy = S(pt — a3 +p3 — o) + (2t — p§ — 25 — p);
Hy = p1as + wz1ps + pata + wraps. (2.83)

With relate to the physical insight into the complexified version of the Hamiltonian, the following obser-
vation is worth mentioning. In fact, it is found [9] that if H; can be identified with the (real) Hamiltonian
of a two-dimensional physical system, then in several cases (studied in Ref. [9]) the analyticity property
of H suggests that Hs is the second integral of the motion of the system in the sense that [Hy, Ha] = 0,

and H; and Hy are linearly independent. The above Hamiltonian may accept invariant I in the form

I = aoi(z,y) + aoz2(x, y) (05 + pi) + a11 (2, Y)pepy- (2.84)

and write its complex translation in the form I = I; 4+ il where

I = (ao1zr + ao1yr) + (@020r + @o2yr) (PT — 3) — (A024i + A024i)(2P123) + (@022 + @024r) (5 — 73)

—(ao2azi + ao2yi) (2p2x4) + (112 + a11yr) (102 — T122) — (G120 + G11yi) (D174 — P273); (2.85)

and

Iy = (ao1zi + ao1yi) + (@020i + @02yi) (PT — 73) + (@020 + @024r) (2P173) + (@02i + Q0241) (P53 — 77)

+(ao2er + ao2yr) (2p224) + (1120 + G11yr) (P124 — P223) + (A11020 + G11y:) (P1D2 — T4T3). (2.86)

and the complex coefficient’s ag1(z,y), ao2(z,y) and aq1(z,y) are functions of (z1,ps,z2,ps) with
011> G0lyrs A01ai, A01yi> G02zrs A02yr»> A02zis A02yis Al1zr, A1lyr, Allai, G11y; are the real functions of their real

arguments. Substitution of (2.83), (2.86), in (2.78) yields the expression

3a01m 3a01zi 3a02xr 3a02zi p2 . :vg) . (2p1$3)(3a02m‘ . 3a02xr + 3ao2zr 3&02m'

I 0x1 Ops )+ 01 Ops )i Ox1 Ops3 )+ 01 Ops
3a02zi 3ao2zr Oai1gr 0114
—(2p24)(

0x1 B dps O0x1 Ops

0ai1gi Oai1gr

01 3173

) — (124 — p23)( )+ (p1p2 — wax3)(

)(p
) (2p1)

2 2
2 — Ly

)



2.3 Construction of second order invariants in two-dimension 64

O0aoiei  Oao1ar Oaoawi = 0Go22r., o o Oagogr 000233 Oaoaei  Oozer., 5 o
_ _ _ 2 _ _
[( 8$1 8])3 ) + ( 8171 8p3 )(pl 1'3) + ( plx?))( 8171 8p3 ) + ( 8(171 8])3 )(p2 Xy
Dagzzr  Oapzi 0a112r  Oa114i Oa11mi  O110r
2 - - - P
+(2p2z4)( Dy s ) + (P14 + paws)( D s )+ (p1p2 — waws)( Fo: Fns )] (223)

—[{4p1(ao2er + ao2yr) — 423(a020i + ao2yi) + 2p2(@110r + a11yr) — 224(a1127 + a114) 2w 21)

—{4p1(ao2si + ao2yi) + 423(a02r + o2yr) + 2p2(a11i + @11yi) + 224 (A110r + a114r) } (2w P3)]

3ao2yi . 3a02yr 3a02yr 3ao2yi

[( 3a01yr 8a01yi) + (3a02yr 8a02yi

22— (2 2 2
0wy Opy 02 Opy )(p1 = 73) = p1s)( Oo O )+ ( D opa )(p3 — z)
Daozyi  Oagzyr darryi  Oaiiyr darryr  Oaiiy:
(2 _ Yaozyr, _ 3 B )
(2paz4)( Dy Op ) — (p124 pzm)(—am s )+ (p1p2 — Taz3)( o2 Ops )] (2p2)

8a01yi _ 3a01yr

3ao2yi 3a02yr 2 2 3a02yr 3ao2yi 3ao2yi 3a02yr 2
_ _ 2 _
[( 8$2 ap4 )+( ax2 + 6]?4 )(pl $3)+( plxg)( 8$2 ap4 ( 8$2 ap4 )(p2
3a02yr 8a02yi 3a11yr 8a11yi 8a11yi 3a11yr
2 A —— —r — — Y V)2
+(2p24)( Dy s )+ (prwa + pazs)( D9 s ) + (P1p2 — wa73)( Dirg s )(224)

— {4p2(ao2zr + aozyr) — 44(ao2zi + ao2yi) + 2p1(a112r + a11yr) — 223(a1120 + allyi)}(2w2$2)
—{4pa(aoawi + ao2yi) + 4x4(a02zr + ao2yr) + 2p1 (1125 + @11y:) + 223(A112r + @11yr) H2w?pa)] = 0.(2.87)
which can be rationalized with respect to the power of py, x3, p2, x4 and their fusion to give the following
set of twelve coupled partial differential equations

0ao1er  0a01gi
( 8?1:1 82)1 ) — 4w?x1 (ao2er + ao2yr) + 40 p3(ao2si + aozyi) = 0;
1 3

O0aoer  0Go2ui 0at1er  OG11ai

( ops | om

)=0;

e B )=0 (2.88)

da i da xr
( 8351 + 8(;)1 ) + 4w?x1 (ao2si + ao2yi) + 4w p1(ao2er + ao2yr) = 0;
1 3

Oaoowi  0Go2:r

0at1zr =~ Oaiixi
B o —0 2.89
( 8171 8})3 ) ' ( 8$1 8[)3 ) ( )
dao1yr  O0ao1yi
( 8351; 8Oply ) — 4w?zs(aozer + aozyr) + 4w?pa(aozs; + aozy:) = 0;
0 r 0 i 7] r 0 %
( o2y o2y y=0; aiiyr &) -0 (2.90)

Oz Opy 0x4 Op4

8a01yi . 3a01yr
O Op4

=

) + 4w?za (a2 + ao2yi) + 4w pa(aozer + aozyr) = 0;

8a02yi . 3a02yr o

_(3$2 31)4)_ ;

(3a11yr 3a1lyi

- o) =0 (2.91)

2

—xy

)
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one has to find out solutions for following unknown parameters, that renders the complex invariant.
(A) Solutions for A11zr, A11zi-
For determination of ai14r,a114; , equations (2.88) and (2.89) can be reduced to similar second-order

forms for the functions @114y, @114, respectively,as

82 xr 82 xr 82 xi 82 x1

a Dper g, 224 Diei ), (2.92)
Oxy op3 Oxy Ip3
solution of (2.92) in the form

_ Q. 2 2 Oq:

11z = 5(901 —p3) + aqxy + agps + 61;
11z = B a2 p2 ) 2.93
lei = 5 (27 — p3) + Brw1 + Baps + d2. (2.93)

where a, a1, as, 3, f1, B2, 01, 02 are arbitrary constant of integration to be determined later.
(B) Again for the solutions for ag2zr, Go244 , equations (2.88) and (2.89) can be reduced to similar second-

order forms for the functions agay:, ag2.i, respectively,as

2 2 2 2
0%ao2er | 0%ao2er 0%aozzi | 0%ao2qi

=0; =0. 2.94
0?2 op3 ’ oz? + op3 ( )

it is not difficult to obtain the solution of (2.94) in the form

ap2zr = (I% —pg) + vix1 + vap3 + d3;

IRV

ap2zi = (I% —pg) + p171 + p2p3 + 4. (2.95)

where v, 11, v, p, p1, P2, 03, 04 are arbitrary constant of integration to be determined later.
(C) Similarly to solve ag1zr, ap12:- on differentiating (2.88) with respect to x1 and again (2.89) with

respect to p3 and add

2 2
0 aglzr 0 aglzr
O ap3

0a024 0aoowi

Ops )= (@ O0x1
= —8w?[z1(—pps + p2) + p3(pr1 + p1)]

= (4w'z1)(-2 )(4w?ps)

—8w?[paw1 + p1p3)]. (2.96)

where we have used eqn.(2.88) and then expression (2.89) to simplify the right hand side. This lead to

pair of ordinary partial differential equations whose solution immediately will yield

4 &
aoizr(T1,p3) = —§w2(P2$§ + p1p3) + 50(:5% —p2) + 1wy + caps +ca. (2.97)

where ¢,, 1, co and c3 are the arbitrary constants of integration. Another result for ag1,, can be obtained

if one retains the term (a‘g’—;l”) and (8%“—;3’”) in (2.96) instead of (6‘3‘;23“') and (6‘5‘;21“') and looks for the

solution of the resultant partial differential equations again in the separable in the form z; and ps. The
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corresponding result for age,, then becomes

2 2
Oagier | 0”aoiar dag2er  Dag2ai

— (4w? —_— 4w? e =0.
0z? op3 (o )( 0xy Ops )+ (4w7ps)( 0xy Ops )
a0102mr a0102mr
= 4w’z (2 — dw?
W (2= - ) — 4wps( s )
= 8w’[z1(vay + 11) — ps(—vps + 1))
= 8w’[v(z] +p3) + viz1 — vaps). (2.98)
From above equation we have
2 4 1
aoter(T1,p3) = §w2V(Iil +p3) + §w2(V1$§ — v2p3) + 30(35% —p3) + 1wy + Gaps + C3. (2.99)
Uniqueness of expression (2.97) and (2.99) for ag1,, would require that
v =0,vy = p1,v1 = —p2,C0 = Cy,C1 = C1,C2 = C2,C3 = C3. (2.100)
This will yield acceptable form of agi.. as
4 5 3 3 2 2
ao1zr(T1,p3) = —3W (p2x1 + p1p3) + co(7 — p3) + c121 + c2p3 + cs. (2.101)

For determination of ag1,; one follows the same procedure as followed for ag1,, and obtains the coefficient

function ag1zr(z1,ps) in the form

4
ao1zi(T1,p3) = §w2(01$? — pap3) + do(x7 — p3) + diz1 + dops + ds. (2.102)

where d,, d, ds and d3 are the arbitrary constants of integration. With the choice (2.100) (including now

v = 0)for the arbitrary constants the expressions aga,, and agz,; now takes the form

Ap2zr = —pP2&1 + P1P3 + 035 Qo2 = P1%1 + pap3 + 4.

In the similar methods we can have the expressions aj1., and a11.; will now takes the form

11gr = —B2x1 + B1p3 + 015 @11z = +5121 + Bops + 62 (2.103)

(D) Solutions for A11yr, All1yi
For determination of ai1yr, @114i, equations (2.90) and (2.91) can be reduced to similar second-order forms
for the functions a1y, @11y:, respectively as

2 2 2 2
0%a11yr  O07G11yr 0%a11yi = 0%a11y:

53 =% o a7 = (2.104)
solution of (2.104) in the form
A1yr = %(m% —p3) + a1m2 + azps + J5;
A11yi = g(iﬂ% —p3) + Brxa + Bapa + J6. (2.105)
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where «, 5, a1, aa, B1, B2, 05, 0 are arbitrary constant of integration to be determined later.

(E) solutions for agayr, Go2yi

Equations (2.90) and (2.91) can be reduced to similar second-order forms for the functions agayr, ao2yi,
respectively as

2 2 2 2
0 aop2yr 0 ap2yr 0 a2y 0 ap2yi

= N = . 21
O3 oz o o ! (3:106)

solution of (2.106) in the form

ao2yr = (‘T% - p%) + 1121 + vep3 + 07;

aozy; = 5 (2% — p3) + pra1 + paps + J. (2.107)

[CTRSIEIAN

where v, p, v1, 9, p1, p2, 03,04 are arbitrary constant of integration to be determined later.
(F) Similarly to solve ao1yr, ao1yi, on differentiating (2.90) with respect to z2 and (2.91) with respect to
ps and add

8a02yi
Opa

2 2
0 aglyr 0 aglyr
3 a3

8a02yi

)— (2 D2y

= —8w’[za(—pps + p2) + palpr2 + p1)]

= (4w'z)(-2 )(4w?ps)

—8w?[pawa + p1pa]. (2.108)

where we have used eqn.(2.90) and then expression (2.107) to simplify the right hand side. This lead to

pair of ordinary partial differential equations whose solution immediately will yield

4 ¢
ao1yr(T2,p4) = gU’Q(Pﬂg + p1p}) + 30(335 —pi) + c1m2 + capy + cs. (2.109)

where ¢,, ¢1, co and c3 are the arbitrary constants of integration. Another result for agiy, can be obtained

if one retains the term (a(g’—;zw) and (&g’%) in (2.108) instead of (ag;iy") and (agiyi) and looks for the

solution of the resultant partial differential equations again in the separable in the form x5 and ps.The
corresponding result for agzy,, then becomes

82 r 82 r 8 r 8 7 8 i 8 r
ao1y aotyr (4w2x2)(ﬂ — M) + (4w2p4)(ﬂ + ﬂ) =0

x3 op3 0xs Op4 0xs Op4
Dagzyr Dap2y,
_ 4 2 2 Yy — (4 2 Y
(4w z2)( “Om ) — (4w p4)(—ap4 )
= Sw?[zo(vas + 1) — pa(—vps + 10)]
= 8w?u(a3 + pj) + iz — vapa]. (2.110)
From above equation we have
2 9 4, a4 o 3 3v, €0, 9 o _ _ _
ao1yr (T2, pa) = 3w v(zs +py) + 3 (r1xy — vspy) + 5(172 —p3) + C1xa + Capy + C3. (2.111)

Uniqueness of expression (2.109) and (2.111) for agiy, would require that

v=0,v2 = p1,v1 = —p2,co = Cg,C1 = C1,C2 = C2,C3 = C3. (2.112)
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This will yield acceptable form of agiy, as
_ _é 2 3 3 2 2
aoiyr(T2,p1) = 3V (p2wy + p1py) + co(xy — p1) + c1z2 + capa + c3. (2.113)

For determination of ag1,; one follows the same procedure as followed for agi., and obtains the coefficient

function ag1yr(z2,p4) in the form

4
ao1yi(T2,pa) = §w2(p1:v§ — pap}) + do(3 — p3) + dix2 + dops + ds. (2.114)

where d,, dy, d2 and d3 are the arbitrary constants of integration. With the choice (2.112) (including now

v = 0)for the arbitrary constants the expressions agzyr and a2y

ap2yr = — P22 + p1Pa + 075 Qo2yi = +p1%2 + paps + ds.

Again in similar method we can find the expressions ai1y, and ai1y; now takes the form
a11yr = —PBowa + B1pa + 055 a11yi = +P172 + Popa + 6. (2.115)

Note that the forms eqs. [(2.88)-(2.91)] of ao1ar, G01yrs Q01wis Q01yis Q02zrs G02yrs G02is

A02yis G11zrs A11yrs G112s and aq1y; are determined only from (2.78). With this expressions for the coeffi-
cient function when (2.79) is rationalized, one obtained several constrains relations among the arbitrary
constants appearing in eqn. [(2.88)-(2.91)], thereby reducing the number of arbitrary constants in the final
solutions. The constrained so obtained are ¢; = —ds, di = ca, ¢o = 4w?d3 = 4w?d7, dy = 4w?d, = 4w?ds.

which gives rise to forms of coefficient functions as

a11zr = —B2x1 + B1ps + 015 @112 = B121 + Baps + O2;

ao2zr = —pP2T1 + P1P3 + 035 Qo2zi = P171 + p2p3 + 04;

ao1er(T1,p3) = —%w2(p2117:1)’ + p1p3) + co(ai — p3) + crwy + dips + c3;

ao1zi(T1,p3) = %wz(ml’? — pap3) + do(x] — p3) + diwy — c1ps + ds;

11yr = —B2%2 + Bipa + 055 a11yi = +P122 + Bapa + Je;

ao2yr = —pP2T2 + p1pa + 075 Qo2yi = +p172 + paps + Os;

ao1yr(®2,pa) = —%wz(Pﬂg + p1p}) + co(a3 — pj) + c1@a + dips + cs;
4

ao1yi(T2,pa) = §w2(P1$§ — popi) + co(x3 — pi) + dizs — c1pa + c3. (2.116)

So from above set of equations, we have

a11r = Qligr + G11yr = —P2(x1 + 22) + F1(p3 + pa);

ai1i = 11ai + @11y = P1(x1 + x2) + B2(ps + pa);

€o

ao2r = Q02zr + Go2yr = —p2(z1 + 22) + p1(p3 + pa) + Q—wQ;
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do
a02i = Q0221 + Go2yi = p1(x1 + z2) + p2(ps + pa) + T2
4 Co
ao1r = —§w2[(P2$§ + p213) + (p1p3 + p1p3)] + 3(33% + a5 — p3 — p3) + 121 + x2) + di(ps + pa);
4 do
ao1i = ng[Pl(ﬁ +23) — p2(p3 +p3)] + 7( 1+a5 —p3 — pi) + di(zy + 22) — c1(ps + pa)- (2.117)

Construction of Invariants. For the construction of complex invariants using the results (2.117) for
ao1r, G014, @021, A02i5 A11r, 11; ONE can obtain the complex invariant I from (2.85)and (2.86), in which the

real and imaginary parts I; and I, are given by

4 ¢
L = ng[pz(:ﬁ +a3) + p1(p3 + p)] + g(xf + a3 —p3 —p3) + i1 + 22) + di(p3 + pa)
—2(p173 + paza){Bi(z1 + 32) + Ba(ps + pa)} + (0] + p3 — 35% — a3){—Ba(z1 + x2) + B1(ps + pa)}
+(p1p2 — w3wa){—pa(z1 + 22) + p1(p3 + pa)} — (P14 + p2w3){p1 (21 + 22) + p2(p3 + pa)},

4 d,
I = gw?lpa(a? +23) = pa(p3 + )] + 50(:6? + 23 — p5 — pi) + di(1 + 22) — 1 (ps + pa)
+2(p1a3 + paza){—B2(x1 + 22) + B1(ps + pa)} + (p] +p3 — 235 — 23){B1(x1 + 22) + B2(p3 + pa)}

+(p1p2 — z3xa){p1(z1 + 22) + p2(p3 + pa)} + (Pr124 + poxs){—p2(z1 + 22) + p1(p3 + pa)}. (2.118)

Finally the complex invariant I = I; + iy can be written as

4 . o .
I= ngb[(w? +23) +i(p3 + p})] + 70(965 + a5 —p3 —pi) + o1(z1 + 22) — i(p3 + pa)
. . R (o
+(p% - 36% + 2ip1x3 +p§ - 95421 + 2ipgxq)b[(z1 + x2) — i(p3 + pa) + ﬁ]

+[(z1 + 22) — i(p3 + pa)le(pip2 — x324) + (p174 + p2w3)efi(w1 + x2) + (p3 + pa)]-

or on simplification we can write

4 . g0 .
I = Zw’b[(2} +23) +i(p5 + pi)] + 5 (@1 + 3 = p5 = pi) + 01(21 + 22) —i(ps + pa)
. . . o
+(p — @3 + 2ip1as + p3 — aF + 2ipaza)b[(z1 + 22) — i(p3 + pa) + ﬁ]
+[(x1 + 22) — i(ps + pa)le(pip2 — w324 + ip174 + ip2x3). (2.119)
where e = py +ip1; 09 = co +idy; o1 = c1 +1dy and = —[5 + i, are the arbitrary constants. In real

and complex coordinate it is written as

w
* * o * * * *
(" +y7) + 55005 + 17 + ea” + 7 )papy.

where x* = 11 — ip3; y* = 2o —ips; pt = p1 —ix3; pt = py —ix4. are as defined earlier, which conforms
1 3 y Mg y Py )

the invariance condition for integrability with view of poisson bracket.
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2.3.3 Non-linear oscillator system with cubic potential

With a view to constructing complex invariant for some cases here, in this sections we make the use of
methods discussed in previous section. Spectral analysis of the complex cubic oscillator has bee carried
out by many researchers [8]. Using the exact semiclassical analysis, They studied the spectrum of a
one-parameter family of complex cubic oscillators. Complex dynamical invariants are searched out for
two dimensional complex potentials using rationalization method within the framework of an extended
complex phase space. Consider the case of non-hermitian P7T-symmetric Hamiltonian systems with in

the frame work of rationalization method. Note that for duffing oscillator systems

1
H =5 (p; +p,) +ilz+y) +i(2® + %), (2.120)

We can rearrange to get the the complex version of (2.120), by using (2.71) in (2.120), as

1 1 1 1
Hy = 519? — 596% + 5195 — 5:6?1 —p3 — pa+ P + P — 3vps — 3a3pa;
Hy = p123 + powy + 21 + T2 + 25 + 25 — 321p3 — 327 (2.121)

The above systems comply the complex invariant [ in the form

I = aoi(z,y) + aoz2(x, y) (05 + pi) + a11 (2, y)pepy- (2.122)

and write its complex version in the form I = I; + il where

I = (ao1zr + ao1yr) + (@020r + @o2yr) (PT — 3) — (A024i + @024i)(2P123) + (@020 + @024r) (P53 — 77)

—(ao2zi + ao2yi)(2p2x4) + (112 + a11yr) (102 — T122) — (@120 + G11yi) (D174 — P223); (2.123)

and

I = (ao1zi + ao1yi) + (@o2qi + a02yi>(p% - x%) + (@020r + ao2yr) (2p123) + (a024i + aozzi)(pg - xi)

+(ao2er + aozyr) (2p24) + (1120 + @11yr) (P124 — P223) + (A1120 + 114:) (P1P2 — T4x3). (2.124)

Substitution of (2.121), (2.123), (2.124) in (2.78) yields the expression and rationalization of the resultant
expressions with respect to the powers of pi,zs, p2, 4 and their combinations gives a set of following

twelve coupled partial differential equations

0aoier  0a01gi
o o ) — 2(1 4 327 — 3p3)(ao2er + ao2yr) + 12213 (0201 + a024i) = 0;

(

0z Ops

O0aooer  00024i 0ar1zr  Oaiixi

( 01 3173

)=0; ( ) = 0; (2.125)

Ops O0x1

3a01zi 8a01zr

( 01 31)3

)+ 2(1 + 327 — 3p3)(ao2wi + ao2yi) + 122193 (a022r + o2yr) = 0;
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_(aa02m' aa02aar)_0_ (6allmr Oai1ai
0x1 8})3 o 0xy 3}’3

) =0; (2.126)

O0apryr ~ O0o1yi

( Oxo Opa

) — 2(1 + 323 — 3p3)(ao2er + a02yr) + 1229p4(a022i + Go2yi) = 0;

3a02yr 8a02yi
O Opy4

3a11yr _ 3a1lyi

( )=20 ) =0; (2.127)

0w Opy4

dagry;  Oa
_ (—ailyz B a(1)?1yr) +2(1 + 323 — 3p3) (ao2wi + ao2yi) + 1222p4(ao2er + aozyr) = 0;
2 4
dagayi O 0 0110
_ (% _ %) —0: ( ((;llyr gllyz) —0. (2128)
T2 D4 P4 )
So for construction of complex invariants one has to find out solutions for these unknown parameters

(A) Solutions for aj1zr, @1144. solution of ai14r, @114 are in the form

ai1zr = = (2] — p3) + @121 + Qop3 + 615 a11z: = = (@] — p3) + Biw1 + Paps + o (2.129)

™

| o

where «, 3, a1, as, b1, B2, 01, 02 are arbitrary constant of integration to be determined later.

(B) solutions for agazr, ag2q- solution of agzyr, Gp2s; are in the form

NI

12
a2 = E(I% —p3) +viT1 + vaps + 035 @o2wi = = (2 — p3) + p171 + paps + 4. (2.130)

where v, p,v1, 9, p1, p2, 03,04 are arbitrary constant of integration to be determined later.
(C) solutions for ag1r, @p14i. Similarly to solve agizr, ao144, on differentiating (2.125) with respect to

and again (2.125) with respect to p3 and add

Oagawi  Oao2r

Ox1 3173 )

0agozr  Oaoaui

2 2
0 aglzr 0 aglzr
Ox} op3

= 2(1+ 327 — 3p3)( ) — (12z1p3)(

0x1 81)3
= 24pozips — 4p1 (327 — 3p3 + 1).

where we have used eqn.(2.125) and (2.126) and then expression (2.130) (using constraints) to simplify
the right hand side. This lead to pair of ordinary partial differential equations whose solution immediately

will yield
aorer(21,p3) = 2p2(23ps + 21p3) — p1(al — p3) — p1(a? + p3). (2.131)

For determination of ag1,; one follows the same procedure as followed for ag1,, and obtains the coefficient

function ag1zr(z1,ps) in the form

a01m($1,p3) = —2p1($§]93 + ivlpg) - P2(9041l - pg) - p2($% + Pg) (2'132)

(D) Solutions for ai1yr, @11yi- solution of ai1y,, aiiy; are in the form

o

ar1yr = 5 (25 — pi) + 1w + agpa + 65, a1y = 5 (23 — pi) + frza + Papa + J. (2.133)

2

o™
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(E) Solutions for agayr, @o2y. solution of apayr, Go2yi are in the form

v
ao2yr = E(I% —p3) + 11wy + vaps + 67, aozyi = g(iﬁ —p3) + pr11 + paps + ds. (2.134)
(F) Similarly to solve agiyr, ao1y:. on differentiating (2.127) with respect to zo and (2.128) with respect

to p4 and add

2 2
0 apiyr 0 ap1yr aa02yi 8a02yr

03 op}

3a02yr aa02yi
912 Opa —( )(1222p4)

= 24pyxips — 4p1 (322 — 3p3 + 1). (2.135)

= 2(1+ 31:% - 3pi)(

O Opy4

where we have used eqn.(2.127) and (2.128) and then expression (2.134) (using constraints) to simplify
the right hand side. This lead to pair of ordinary partial differential equations whose solution immediately
will yield
ao1yr (22, ps) = 2p2(w3ps + w2pi) — p1(23 — pi) — pa (@3 + p).- (2.136)
For determination of ag1,; one follows the same procedure as followed for agi,, and obtains the coefficient
function a1y, (22, p4) in the form
ao1yi (w2, pa) = —2p1(25ps + 21p3) — pa(a] — p3) — p2(af + p3). (2.137)
Here from eqs.[(2.129)-(2.137)] for co-efficient are determined only from (2.78). With this expressions
for the coefficient function when (2.79) is rationalized, one obtained several constrains relations, thereby
reducing the number of arbitrary constants in the final solutions. The constrained so obtained are
05 =06 =07 =08 =0 p1 = —va, po =11, Bo = —a1, B1 = as. which gives rise to forms of coefficient
functions as
ar1y = —Pa(x1 +x2) + Bi(ps +pa); a1 = Bi(1 + 22) + B2(ps + pa);
agzr = —p2(x1 + x2) + p1(ps +pa); @02 = p1(x1 + 22) + p2(ps + pa);
ao1r = 2p2(xips + 11p3 + 23pa + 2p}) — pr (2] + 25 — P — py) — pr(2 + 25 + p3 + pi);
ao1; = —2p1(x1p3 + 113 + T5pa + w2p3) — pa(xy + a5 — Ps — py) — p2(ai + x5 + p3 + p3(2.138)
Construction of Invariants. using the co-efficients the I; and I are given by
I = 4pa(a¥ps + 2193 + 23pa + 22p3) — pr(a] + 5 — p3 — pi) — pr(af + 23 +p3 + pi)
—2(p123 + paxa){Bi(z1 + 22) + Ba(ps + pa)} + (0 +p3 — 25 — 2){—Pa(x1 + 22) + Bi(ps +pa)}

+(p1p2 — z324){—p2(21 + 22) + p1(P3 + pa)} — (D174 + p2x3){p1 (71 + 22) + p2(p3 +pa)}, (2.139)

I = —4p1(aps + 21p5 + 23ps + 22p) — po(x] + 25 — p§ — pi) — p2(2] + 23 + p3 +pj)
+2(p173 + paxa){—Ba(z1 + 22) + Bi(ps +pa)} + (0T + p3 — 23 — 27 {B1(x1 + 22) + Ba(ps + pa)}

+(p1p2 — x3za){p1(z1 + 22) + p2(P3 + pa)} + (P174 + pax3){—p2(z1 + 22) + p1(p3 +pa)}. (2.140)
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Finally the complex invariant I = I; + iy can be written as

- * * . * * b * * * * * *
I=ib(z’s" +y*y") +ibwa” + yy") + 5 (@ +y ) 03" +py7) + 0" + ¥ )papy, (2.141)
2.3.4 Non-hermitian P7-symmetric Hamiltonian system

Consider the case of non-P7-symmetric Hamiltonian (C.M. Bender type [7]) systems.

H=(p2+p))+ (z+y) +i(=*+y°). (2.142)

One can easily derive the complex version of (2.142), by using (2.71) in (2.142), as H = Hy + iHy with

1 1 1 1
Hy = 519? — §x§ + 5193 — 5:62 + zy + 22 + P34 pi — 3xips — 3z3py;
Hy = pra3 + pots + p3 + pa + 25 + x5 — 32103 — 3x0p5. (2.143)

Systems endorse a complex invariant I in the form

I = ao1(z,y) + a2 (z,y) (P2 + pi) + a11(x, y)papy- (2.144)

and write its complex version in the form I = I; + il5. Substitution of (2.143), (and I; and I as
discussed in previous example) in (2.78), and rationalizing with respect to the power of p1, x3,ps, x4 and
their combinations the resultant expression to give the following set of twelve coupled partial differential
equations;

0aoier = 00012i

(8—:1:1 Ops ) — 4(1 — 621p3) (ao2er + ao2yr) + 4(373 — 3p3)(ao2zi + ao2yi) = 0;

O0aoer  0002ai 0ar1zr  Oaiixi

( 01 3173 )

=0; af ) =0; (2.145)

Ops O0x1

Oapiei = Oaoizr

( )+ 4(1 — 631p3)(ao2si + ao2yi) + 4(323 — 3p3) (ao2er + aozyr) =0

O0x1 31)3

Oagaei  0ao2ur

a ( 01 Ops

0a11er  OG11ai

):0; ( dx1 Op3

) =0; (2.146)

Oapryr  OGo1yi

( ) — 4(1 — 629p4)(a022r + ao2yr) + 4(373 — 3p3)(ao2zi + ao2yi) =0

O 3174

(5a02yr aa02yi) —o (aallyr ~ Oairy
Oxo Op4 ’ 0xs Opa

) =0; (2.147)

B (aGOIyi ~ Oaoiyr

B Opa ) + 4(1 — 629p4)(a022i + ao2yi) + 4(375 — 3p3) (ao2er + ao2yr) = 0;

8a02yi . 3a02yr o 3a11yr 8a11yi

_( Oxa 31)4 )_ ; ( 31)4 Oxo

)=0. (2.148)
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These PDE gives rise to forms of coeflicient functions as

4

aotr = 4p2(23ps + z1ph + T3ps + 22p3) + 2p1 (21 + 23 — p3 — pi) — 2p2(2F + 23 + p3 + pi);

ao1i = —4p1(zips + x1p3 + 23pa + x2p}) — 2p2(x] + 3 — p3 — pi) + 2p1(af + 25 + p3 + HP-149)

For the construction of complex invariants using (2.149) for co-efficients, I; and I5 are given by

4

Iy = 4pa(a3ps + 1p5 + @3ps + wapl) + 2p1(af + 25 — p3 — pi) — 2p2(xF + 23 + p3 + p])

—2(p123 + pawa){P1(z1 + 32) + Pa(ps + pa)} + (05 + p3 — 23 — 27){—Ba(x1 + 22) + B1(p3 + pa)}

+(P1p2 — z3z4){—p2(21 + 22) + p1(P3 + pa)} — (D174 + p2x3){p1 (71 + 22) + p2(p3 +pa)}, (2.150)

I = —4p1(¥ps + 21D + 23ps + w2p}) — 2p2(] + x5 — p3 — pi) + 2p1 (2] + 23 + p3 + p})
+2(p123 + paza){—Ba(x1 + 22) + B1(ps + pa)} + (pT + p3 — 23 — 23){Br(x1 + 22) + B2(p3s + pa)}

+(p1p2 — x3za){p1(x1 + 22) + p2(p3 + pa)} + (Pr124 + poxs){—p2(x1 + 22) + p1(p3 +pa)}. (2.151)

Finally the complex invariant I = I1 + ¢I> can be written as
I = 4b(x{ps + x1p3 + 3pa + 22p3) — 2b(a} + 25 — p3 — pi) — 2b(2F + a3 + p3 + p)
+(pF — @ + 2ip1as + p3 — @ + 2ipawa)bl(21 + w2) — i(ps + pa)]
+(z1 + x2) — i(p3 + pa)e(pip2 — x3T4 + ip124 + iP2x3). (2.152)

In real and complex coordinate it is written as

2

I=—(a 2P yy") + b 4 yy") + 5@ 4y )02+ ) + e(@” + Y )papy.

2.3.5 Hamiltonian systems with quartic potential

This has indeed been found to be the case for several molecules, for example, tetrahydrofuran,, cyclopen-
tane, and cyclobutanone [11]. These are generally five-membered ring compounds and a large quartic
anharmonicity is expected for these vibrations. However, the determination of such two-dimensional
anharmonic potentials from a spectrum is much more difficult than the corresponding problem in one di-
mension. Constructing complex invariant for above cases here, we first consider the case of P7-symmetric
Hamiltonian systems with in the frame work of rationalization method. Note that Hamiltonian for com-
plex quartic potential is

1

1 1
H =50} + 7)) + 502" +9°) + 70(a" +¢). (2.153)

2
The complex version of (2.153), the P7T-symmetric one come by by using (2.71) in (2.153), as H =

H, +iH, with

1 1 1
Hy = (07 +p5 — 25 — ) + 501 (27 + @3 — pj — pi) + 7 02(21 + P + 25 + py — 621p5 — 623p));

Hy = p133 + pawa + 61(z1p3 + Tapa) + 02(p3a — 1p3 + T5ps — 22p7). (2.154)
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The above systems give access complex invariant I in the form

I = ao1(z,y) + ao2(z,y) (P2 + pi) + a11(x, y)papy- (2.155)

Substitution of (2.154), (2.155) in (2.78) yields the resultant expression which can be rationalized with
respect to the power of p1,x3,p2, x4 and their combinations to give the following set of twelve coupled
partial differential equations. Solutions to these PDE gives rise to forms of coefficient functions as
1 1
aoly = —55151 (3 +p3) — 55251(117:1)’ + 23) — Pad1 (x1p3 + x2p]) — B161(x5ps + xips)

1 1
+B202(w1p3 + 22p]) — B101(21p3 + Tapa) + 352[31 (p3 +p5) — gﬁztsz(x? + 23);

1 1
ap1; = 551[31(17? +23) — 55251 (p3 + p3) + B101(x1p3 + 22p3) — B201(23pa + 7p3)

1 1
+B202(x1p3 + w2p}) — B261(x1ps + x5ps) + 552ﬁ2(]9§ +p3) + 55152(20? + 25). (2.156)

For the construction of complex invariants using the results (2.156) for co-efficients, one can obtain the

complex invariant I = I7 4+ ils that can be written as

I= f[m (B2 — ") +y* (3 —y")] + 2—5[(5%417 — ) + (5y'y*y™®)]
b * * * * * *
+5@" +y Y©3 + P2 + el + ¥ )papy.-

2.3.6 Complex cubic potential

Spectral analysis of the complex cubic oscillator has been carried out by many researchers [8]. Using
the exact semiclassical analysis, They studied the spectrum of a one-parameter family of complex cubic

oscillators. Hamiltonian for such complex cubic potential is
H = (p + py) + 61(ix + iy) + 0a[(ix)? + (iy)?] + d3((ix)° + (iy)’]. (2.157)
using (2.71) in (2.157), as gives us

Hy = (p% +p§ - x% - 35421) —01(p3 + pa) + 52(1’% +p421 - l’% - l’%) - 53(17% +pi + 31‘%1)3 + 3x§p4);
Hy = 2pyas + 2poxg + 61 (21 + x2) — 202(21p3 + 22ps) — 63(:E§ + x% + 3x1p§ + 3:E2pi). (2.158)

The systems may give the nod for complex invariant I in the form

I = ao1(x,y) + aoa(, y) (P2 + py) + a11 (2, y)papy (2.159)
Substitution of (2.159), (in the form Iy, I5) in (2.78) yields the expression and rationalization of the
resultant expressions gives rise to forms of coefficient functions as
aorr = P183(x] + x5 — p3 — p3) — 26203 (x1p3 + 21ps + w2p + x3pa) + 20282(21p3 + 2p7)

26
+262 531 (213 + 23pa) — P01 (2] + 23 + p3 + p3) + %(ﬁl (p5 +p3) + Ba(2f + 23));
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ao1i = Br6s(x] + x5 — p3 — p3) — 2B203(x1p3 + ips + w2p} + 23pa) + 20282(x1p3 + w2p])

25
+2021 (v3p3 + 23pa) — G161 (23 + 23 + p? +pd) + %(ﬁl (03 + pi) + Ba(af + 23)). (2.160)

For the construction of complex invariants using the results (2.160) for co-efficients, complex invariant

I = I + I can be written as

ibdy
3

Fe(@ +y*)(p3” +py°) + e(@ + v )papy

I = —=[z" (" = 32%) + y* (¥ — y°)] — b1 (zz* + yy*) + ds(z” 2™ + y*y*?)

2.3.7 Invariants corresponding to non-linear evolution equations

The Koerteweg de-Vries (KdV) equations has wide ranging applications in non-linear physics [45]. Invari-
ant corresponding to KdV equations may be interesting, we employ here the above method to construct
an invariant for a Hamiltonian derived from this equation. The KdV equations in two-dimensional real
field u(x,y,t) is given by

ou ou Ou

Pu  u
— tau|— + — — + = 2.161
ot +‘”‘[ax + ay] +’7{an + 33y} (2.161)
Corresponding to this equation, the Hamiltonian can be written as
He 202 002 - Y24+ (&) (2% 4 43 2.162
=5pa+py) — 5@ +y7 )+ (5 )@ +y7). (2.162)

The PT-symmetric Hamiltonian can be attain by using (2.71) in (2.162), as H = Hy + iHs with

1 ¥ a
Hy = 5(p] — 25 +p3 — 1) + 5 (@1 —p§ — 25 — pi) + 5 (@ + a5 — 3w1p5 — Bwapi);
a
Hy = pra3 + paxy — y(x1p3 + v2ps) + 6(317%1)3 + 3a3ps — 3 — pi). (2.163)

permit the complex invariant /. Substitution of (2.163), and I in (2.78) yields the resultant expression,
which can be rationalized with respect to the power of p1,x3,p2, x4 and their combinations to give the
following set of twelve coupled partial differential equations. These PDE propels the forms of coefficient
functions as

1 1
ao1r = o1y + Ao1yr = Boy(T1P3 + T2p]) + Bry(xTps + 25ps) + gﬂw(pg +p3) + gﬁﬂ(x? + a3)

a a
_E&(ﬁ + a5 —p3 —py) — gﬁl (213 + 3ps + zop} + 23pa);

1 1
ao1i = Qo1wi + Ao1yi = —1Y(@103 + 22p3) + B2y (2ps + 23pa) + gﬂﬂ(pg +p}) — gﬂw(w:{’ + a3)

a a
+gh (] + 25 — p3 —py) — §ﬁ2($11?§ + 23ps + w2p} + T5pa). (2.164)

corresponding to this complex invariants can be written as

[2*(32* — 2*%) + y* (3y* — y 2)]+g(w3:v +y3y) +

_b
6

e

1
2

(= +y") (P + ;) + b(@* + y*)papy

which conforms the invariance condition for integrability with view of poisson bracket.
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2.3.8 Shifted harmonic oscillator complex x-plane

This type of oscillator has been discussed by [10] in context of neutron scattering. They studied the spin-
orbit coupling term in shell model by neutron scattering using complex harmonic oscillator potential.
For complex TD harmonic oscillator system, there exist a complex invariant, u = In(p + imwz) — iwt (as
cited in [2]), has already been known in literature. Hamiltonian for shifted harmonic oscillator complex

x-plane is given as

1 1 1
H= §(p§ +py) + §w2(w +y+ 5@7)2 (2.165)

where w and ~ are real constants.This form of H, after appropriate scaling of x and p (with w = 1), it is

rewritten as,

1 1 .
H=5p; +p,) + 5@ + ") +iv(@+y)
using (2.71) in (2.165) as
1
Hy = S(p1+p3 + o + a5 = p — pi — 25 — 2%) = Y(@1pa + 22ps);
Hy = prxs + paxa + x1p3 + T2pa + Y(z122 — p3pa). (2.166)

Analyticity property of H allows that Hy is the second constant of the motion of the system in the
sense that [Hy, Hy] = 0, and Hy and Hy are linearly independent with respect to the canonical pairs

(x1,p1), (22,p2), (z3,p3) and (24,ps). The above systems take in the complex invariant I in the form

I = ao1(z,y) + a2 (z,y) (P2 + pi) + a11(x, y)papy (2.167)

Substituting (2.166), (2.167) in (2.78) and rationalizing the resultant expression and their combinations to
give the following set of twelve coupled partial differential equations: Following the prescription outlined

in previous example the coefficient functions which gives rise to forms

[B2(23 + 23) + B1 (P2 + p3) — By (2 + 22 + P2 + p2) + c1 (w1 + o) + da(ps + pa);

4
ap1r = _§

[B1(xF + 23) — B2(p3 + p3)] — Boy(2] + @3 + p3 + pi) + di(z1 + 22) — c1(ps + pa). (2.168)

4
aori = 3

one can obtain the complex invariant I using (2.168),

b
I= g[ﬂrf*(?ﬂ?ﬁ2 + %) + y*(3y° + y)] + iby(za* + yy*) + oz + )

+b[(z* +y*) + z—wzl(pf +p.7) 4 e(@* + y*)papy.

which conforms the invariance condition for integrability with view of poisson bracket.
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2.4 Construction of fourth order invariants

The problem of construction of invariants (other than the total energy, which is called second constant
of motion) for TID systems has been investigated by many workers [2, 3, 4, 5, 13, 14]. In past a large
number of dynamical systems have been studied using approximate method or perturbation method [15]
and accordingly one deals the approximate invariants for the system. In some cases, no doubt the system
is found to be integrable just by an accident by Hénon et al e.g. Toda lattice case [15]. These studies,
however, facilitates the solution of nonlinear differential equations. The construction of the additional
invariants (if possible) for a dynamical system help a lot in understanding the dynamics of the corre-

sponding system.

We are here interested in to find fourth order invariants of two dimensional classical systems, so

consider such system described by the Lagrangian
1 .92 .2
L = E(xl + IQ) — V(.Il,.fg),

the associated equation of motion given by

av .oV

x"lz—— XrT9g = ——
8:51’ 8:52’

where V = V (21, z2, 23).

Their studies were, however, restricted to the invariants of first or second order in momenta. During
the last few decades or so, there have been considerable interest in the study of TID and TD classical
integrable systems in one and two dimensions. Several authors [5, 13, 16, 17, 18] have studied construction
of invariants and its various aspects in many folds. Although, there have been several efforts [17, 18, 19,
20, 21, 22, 23, 24, 25, 26, 27, 28, 29, 30, 31] in recent years to construct second order invariants by various
methods in one and two dimensions, however not much efforts have been made to obtaining the invariants
of higher order in three dimensions of such systems. In some cases, no doubt the system is found to be
integrable just by accident. For interesting reviews on the subject, we refer to the works of Hietarinta
[16], Hall [18], Holt [24], and R.S.Kaushal [4]. It may be mentioned that a large number of dynamical
systems in the literature have been studied using the so called approximate methods or perturbation
methods [18, 32|, and accordingly one deals the approximate invariants for the system. These studies,
however, facilitates the solutions of nonlinear differential equations.

The construction of invariants of some systems either have played or expected to play an important role
in the domains of a variety of fields like, laser physics [32] plasma physics [33], molecular physics [34],
field theories [35], astrophysics [36], etc. The invariants of a dynamical system, if they exist, and become

available could be of great help in providing a physical insight into the detailed properties of the system.
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The construction of an invariant of a system could be helpful in reducing some nonlinear dynamical
problems to a quadrature [1, 37]. The importance of these invariants clearly offers a motivation to look
for the systems that can generate these structures in an unambiguous manner. Here in this section we
have extended the rationalization method for construction of fourth order invariants of a number of three
dimensional classical systems. There exist, at present, no general method for testing the integrability of a
given system, however, the Painlevé method [1] detects the integrability of a dynamical system with the
use of singularity analysis and direct calculation of the second integral of motion. Grammaticos et al. [25]
discussed a method of constructing N-dimensional integrable system starting from two dimensional one.
They further carried out the singularity analysis of the equation of motion, which led them to system
exhibiting the Painlevé property i.e.the only movable singularities of the solutions in the complex time
plane were assumed to be pole type. These results are discussed for different cases of N-dimensional
system by Lakshmanan and Sahadevan [39]. In the recent past, Holt [30] introduced a procedure which
essentially has bearing in perturbation theory of Mc.Namara and Whiteman [32] who obtained the third
order invariants for a number of integrable systems. Dorrizi et al. [39] investigated the existence of
integrable systems in three dimensions in which they reduced three dimensional system to two dimensional
one, using cylindrical symmetry and solved quartic potentials. For the construction of invariants, a variety
of techniques have been employed in the past with varying degree of success and domains of applicability
[22, 23, 24, 25].

A classical Hamiltonian systems of n-degrees of freedom is said to be classical integrable if there
are (n — 1) independent, well defined, global functions whose Poisson bracket with each other and with
the Hamiltonian vanishes. Looking at the quantum integrability the above statement reads: a quantum
Hamiltonian systems of n-degrees of freedom is said to be quantum integrable if there are (n—1) indepen-
dent, well defined, global operators, which commute with each other and with the Hamiltonian. A simple
comparison between classical and quantum integrability can be easily made if one represent the quantum
operators by c-number functions. It has been studied that the classical and quantum mechanics are not
algebraic isomorphic, differences must be present somewhere if we use c-number functions in both. As a
matter of fact the commutator will be the Moyal bracket [19], which in turn reduces to the Poisson bracket
only when 7 — 0 in the expansion of sine function [20, 21]. Relationship between a classical invariant
and its quantum counterpart in not one to one correspondence, however, some close correspondence may
exist. In fact, in order to obtain the quantum invariant of a system from the corresponding classical
one, the quantum corrections arising from the terms involving % in the expansion of the sine-function
need to be incorporated. It has been observed that cubic and higher order invariants need the quantum
corrections for the existence of quantum invariant [2]. In fact, after incorporating these corrections, a

system becomes quantum integrable.
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Now in this section we have extended the rationalization method for construction of fourth order

invariant for two dimensional systems.

2.4.1 Method for fourth order / in two-dimension

We are interested in to find fourth order invariants of two dimensional classical systems [40, 41], so

consider such system described by the Lagrangian

1
L= (@} +a3) = Vw1, 22), (2.169)

the associated equation of motion given by

oV oV
= ——— fp = ———. 2.1
o 6,@1 n 6$2 ( 70)

Let us assume that there exist a second constant of motion, fourth order in momenta, for the system of

eq.(2.169)
_ 4 3 2. 2 3 4 2 2
I = fipy, + fopypy + f3pipy + fapaDy, + f5p, + fopy + frpapy + fspy + fo. (2.171)

Where f1, fa,.....fo are the functions of  and y only and p,, p, are momenta in two dimension. The

invariant I implies dI/dt = 0 and using eq.(2.171) we get

FraP) + frypapy + AN1020e + fouPepy + foypors + 23050y + PiDy) + faaDip)
+ [3y0205 + f3(2p2Dals + 20yDyp2) + f1aDiDs + [ayPaD))
-3 3 2, . 4 5 4 -3 3
+f4(papy, + 3pyPypa) + fouDapy + foypy, + 4f50yDy + feuDs
+ foyPapy + 2f6Pepe + fraDipy + frypipe + f1(Dapy + Dypa)

+f81pmp172 + fSypz + 2 fspypy + fops + fopy = 0.

Now after comparing the coefficient of powers of p,, p, and their respective products we get the following

set of equations.

fiz =0, (2.172)
fiy + f2o =0, (2.173)
foy + f32 =0, (2.174)
fay + f1z =0, (2.175)

Jay + f52 =0, (2.176)
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Jsy =0, (2.177)

4118 + f20 + fea =0, (2.178)
3f2@ 4+ 2f35 + foy + fry =0, (2.179)
2f3i + 3fali + fry + fsa =0, (2.180)
JaZ +4f50+ fsy =0, (2.181)
2f6Z + [ + for =0, (2.182)
J7& + 234 + foy =0, (2.183)

where dot represent differentiation w.r.t. ‘¢’.
2.4.2 Determination of coefficients

First let us find out the solution of potential independent equations (2.172)-(4.7). Now differentiat-

ing eq.(2.173) w.r.t. y and eq.(2.174) w.r.t. « and subtract then, we get
fiyy + f3zz =0, (2.184)
Differentiating eq.(4.14) w.r.t. y and double differentiating eq.(2.175) w.r.t. = and add, we get
Jryyy + fazex =0, (2.185)

Differentiating eq.(4.15) w.r.t. y and differentiating eq.(2.176) three times w.r.t. x and subtract, we

get
fryyyy — fszzaz =0, (2.186)
or
fryyyy = fszaaa = €0, (2.187)
Now we get the solution of f; from eq.(4.17) as
fi=ey' + ey’ + ey’ + ey + e (2.188)

Now to find the solution of fy differentiate eq.(2.174) w.r.t. y and eq.(2.175) w.r.t. 2 and subtract

then we get

foyy = faza, (2.189)
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Again differentiate eq.(2.189) w.r.t. y and differentiate eq.(2.176) w.r.t. x and add then next equation

becomes

foyyy = — fouaz, (2.190)
Let
fayyy = — fowza = M0, (2.191)
So form eq.(2.190) and eq.(2.173) we get general solution for fy as
f2 = —(4eoy® + 3e19” + 2e0y + €3)x + noy® + my® + n2y + 13, (2.192)

For the solution of f3 differentiate eq.(2.175) w.r.t. y and differentiate eq.(2.176) w.r.t. x and subtract

we get
fayy = fs22 = 00. (2.193)
Hence from eq. (2.193) and eq.(2.174) we get general solution of f3 as
f3 = (6eoy® + 3ery + ea+)2® — (3noy? + 2my + m2)x + ooy® + o1y + 2. (2.194)

For the solution of fy, differentiate eq.(2.176) w.r.t. y and differentiate eq.(4.7) w.r.t. x and subtract

we get
fayy = 0. (2.195)
Hence from eq.(2.175), (2.189) and (2.195) we get general solution of fy as
f1 = —(4eoy + €1)2® + (Bnoy + m)x* — (200y + 01) + boy + 1. (2.196)

For the solution of f5, we use eq.(2.174), (4.17), (2.191) and (2.193) then we get general solution of

f5 as
f5 = eox* —nox® + o9x® — o + 6. (2.197)
Now from eqs.(4.8),-(4.11), we get first compatibility condition as
(faZ +4f50) vaz — (2f38 + 3f1l)azy + (Bf2i + 2[38)ayy — (41 + f2li)yyy = 0. (2.198)
The second compatibility condition or “potential equation” can be found using eqs.(4.12) and (4.13) as
(2fe + frii)y — (fr@ + 2fs§)z = 0, (2.199)

The solution of these potential equations would likely provide the integrable systems. For a given form

of potential V(x,y) all unknown integration constants can be determined by rationalizing the potential
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equation, subsequently, the determination of other coefficients fs to fo from eq.(4.8) to (4.13). On
substitution these coefficients in eq.(2.171) which would lead to the final form of the second constant
of motion. This constant of motion must commute with Hamiltonian. Here, in the next section, we find
out the constant of motion for a potential which is separable in addition.

(1) Example One.

In this section we use the potential eq.(2.198) to construct the second constant of motion for a given
potential. To demonstrate the method we take the potential which is separable in addition and the form

of potential is like,
V(z,y) =a" +y™, (2.200)
where m and n are the numbers and Hamiltonian for this potential is given by

1 n m
H(x,y,p2py) = 507 +93)) + 2"+ (2.201)

Substitute this form of potential in the potential equation i.e.  the first compatibility condi-

tion (2.198). The compatibility condition satisfy only for m =n = -2
63:770:7’]2:773:0'1:90:91:0, (2202)
Now coefficients fgs, fr, fs, and fg can be determined from the eq.(4.8) - (4.13).

fo = deox 2yt + e1y®2 7% + 20072y + degz?

—2mayt +deor? + 2627y + ey + K (y) (2.203)
fr = —deox 1y — eqay? — desx Ty — depady Tt — ey
+ 3may ™% 4+ 3ma%y? — dogzy?, (2.204)
fs = deoy? 4, -2 —1 2, 2 -2 /
s = deqy” +deor Yy + 2ma Ty + ey + 20077y + 46y~ + K5 (w), (2.205)

and

fo = deox Yt + degaty ™t — erx P +degr M+ eaty T +deqrt — T ly !

+doox?y ™ —doox™%y?  +dooxy™t — 3mady ™ — 3maT0yR. (2.206)

But to satisfy the second compatibility condition some more integration constants also vanish i.e.

€1 = €4 =M :ngegzKi(y)ZKé(x)Zo (2207)
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Therefore, for the present case, the solution for f; - fy are written as

f1 = ea1?, (2.208)

f2 = —2eayz, (2.209)

f3 = e22% + 0032, (2.210)
fa=—200yz, (2.211)

f5 = 0022, (2.212)

fo = deoy®x™2 + 2e0y 22, (2.213)
fr = —deyx~! —dogy Lz, (2.214)
fs = 200y%x 7% + dooy 222, (2.215)
fo = deoy®x™ + 4oy 2?, (2.216)

After putting values of these coefficients in eq.(2.171) we get the final form of the second constant of
motion for a dynamical system with a given potential form V(x,y) = 272 + y~2. The final form of the

invariant is

I = e2y°py, — 2e2yzplipy + 20°Pip;, + 00y Pipy — 200ypep) + oox’p, + deay’a py
+2e0y 2Pl — deayx ™ papy — dooy” apepy + 200y 2 2pl + dogy*x?pl + deayPat + dogy 2t

(2.217)

(2) Second example
Let us consider a potential which is a combination of harmonic plus inverse harmonic terms, so mathe-

matically one can write
Viz,y) =2+ +o7 2 +y 2 (2.218)

Before proceeding towards invariant construction of the potential, a few remarks regarding to this poten-

tial are in order: this potential has been studied widely on both quantum and classical level in past. The

2

terms 272 and y~? are corresponding to a nonlinear centrifugal force and appear in many integrable

systems, including the celebrated Calogero-Sutherland-Moser [42, 43, 44] many body Hamiltonian. This
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potential also represents a harmonic oscillator in the presence of repulsive dipole potential. Now the

corresponding Hamiltonian is given by

1 PR
H(py, py, x,y) = §(p§+p§)+:v2+y2+x 24y (2.219)

Substituting this form of potential in eq.(2.198) i.e. compatibility condition and to satisfy this condition

some of the integration constants have to be vanished, these are
eL=€e=no=1m2="n3=00==01 =0 =061 =0, (2.220)

Now the coefficients fs, f7, fs, and f9 can be calculated and these are

f6 = 2e52%y% + deqx® + deox 2yt + desx2y? + 2nyzy® + dega?
+2e02%y ™2 — 2may ™ +degr? + K (y), (2.221)
fr = dexxdy — 8epx ly® — desxr Ty — 8egudy T — dnay?
+3ma2y? + 3ma’y 2, (2.222)
fo = 4eoy? + deoxty ™2 + 2mady — 2ma Ty + Ko (), (2.223)
and
fg = 460$_4y4 + 4.601[:4y_4 + 464,@4 + 4641'_4. (2224)

But to satisfy second compatibility condition some more coefficients also vanish and these coefficients are
ea=mn1 =02=0;=K;(x)=Ky(y) =0. (2.225)

Then the reduced form of coefficients are

f = eoy?, (2.226)
fa = —4eoy’a, (2.227)
fs = 6eoy®z?, (2.228)
f1 = —4eqya®, (2.229)

fs = eox?, (2.230)

fo = deoy*a™2, (2.231)
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fr = =8eoyx™! — 8eqy a3, (2.232)

fs = 4deoy? + deqy 2at, (2.233)

0 = deoytz ™ + degy a2t 2.234
Yy Yy

After putting these values of coefficients in eq.(2.171), we get the final form of the second invariant for

the given dynamical system as

I = eoy'py — deoy’apipy + 6oy apips, — deqya®papl + eox’py, + deoy s p2 — Bey®ar T papy

1

—8eoy 'zt pap, + 4eoy2p§ + 4eoy_2x4p§ + deqy sz + degy 2. (2.235)

In this section we have constructed fourth order invariants for a class of two dimensional potentials with
the help of potential equation eq.(2.198) and (2.199). These invariants also commutes with given
Hamiltonians. In the present work, we rather revisit the construction of second constant of motion for
TID classical systems in two-dimensions using rationalization method. Using Moyal’s bracket, we obtain
quantum integrable systems with quantum corrections to the corresponding classical invariants.

In the fifth chapter we will construct the higher order invariants for quantum cases for two dimensional

time independent systems.



Bibliography

[1] C. M. Bender, S. Boettcher, Phys. Rev. Lett. 80 5243 (1998).

[2] R. S. Kaushal: “Classical and Quantum Mechanics of Noncentral Potentials”, (Narosa Publishing

House, New Delhi, 1998)
[3] R. L. Hiranwal, S. C. Mishra and V. Mishra, Ann. Phys. 309, 390 (2004)
[4] R. S. Kaushal, and S. Singh, Ann. Phys. 286, 1 (2000)
[5] F. Chand, Can. Jour. Phys. 88, 1 (2010)

[6] E. T. Whittaker: “A Treatise on the Analytical Dynamics of Particle and Rigid Bodies”, (Cambridge

University press, London, 1960)
[7] C. M. Bender, S. Boettcher, P. N. Meisinger, J. Math. Phys. 40 2201 (1999).
[8] E. Delabaere and Duc Tai Trinh, J. Phys. A 33, 8771 (2000)
[9] R. S. Kaushal and H. J. Korsch, Jour Phy A 276 1 (2000)
[10] J. S. Lorrtt, Phy. Rev. 124, 3 (1961)
[11] S. Bell, R. Dayidon and P. A. Warshop, J. Phys. B: Atom. Mol. Phys. 3 113 (1970)
[12] V. 1. Inozemtsev, Phys. Lett. A 96, 447 (1983)

[13] Bao-Feng, Feng and Ken-ichi Maruno, arXiv:nlin/0703027v1;
N. W. Evans, J. Math Phys. 31, 600 (1990)

[14] S. K. Suslov, Phys. Scr. 81 055006 (2010); H. J. Giacomini, J. Phys. A 23, L587 (1990)

[15] H. R. Lewis and P. G. L. Leach, J. Math. Phys. 23, 2371 (1982)
M. Hénon, Phy. Rev. B. 9, 4 (1974)

[16] J. Hietarinta, J. Math. Phys. 25, 1833 (1984b); J. Phys. A 22, L143 (1989)

[17] H. J. Korsch, Phys. Lett. A 90, 113 (1982);
L. Xiao-Bing, CHIN. PHYS. LETT. 26, 1 (2009)

87



BIBLIOGRAPHY 88

[18] L. S. Hall, Physica D8, 90 (1983); Phys. Rev. Lett. 54, 614 (1985);
X. W. Chen, Y. M. Li and Y. H. Zhao, Phys. Lett. A 337, 274 (2005)

[19] J. Moyal, Proc. Cambridge philos. Soc., 45, 99 (1949)

[20] M. Lutzky, J. Phys. A 68, 3 (1978); J. Phys. A 12, 973 (1979)

[21] P. D. Lax, Comm. Pure Appl. Math. 21, 467 (1968)

[22] A. G. Choudhury, P. Guha and B. Khanra, Jour. Non. Math. Phy. 15 4 (2008)
23] F. Haas, J. Phys. A 34, 1005 (2001)

[24] C. R. Holt, J. Math. Phys. 23, 1037 (1982)

[25] B. Grammaticos, B. Dorizzi, and A. Ramani, J. Math. Phys. 24, 2289 (1983)
[26] Z. Li, W. Jiang, S. Luo, Nonlinear Dyn. 67 445 (2012)

[27] Luo Shao-Kai, Cai Jian-Le, and Jia Li-Qun, Chinese Physics B 17 10, (2008)
[28] W. Jiang, S. Luo, Nonlinear Dyn 67 475482 (2012)

[29] R. S. Kaushal and Parthasarathi, J. Phys. A 35, 8743 (2002); ibid 37, 781 (2004);
Phy. Scrip. 68, 115 (2003). J. Phys. A: Math. Gen. 34 L709 (2001);
Parthasarathi (PhD thesis Delhi University 2004)

[30] S. C. Mishra and V. Mishra, Sing. J. Phys. 8, 7 (1991);
S. C. Mishra, Rep. Math. Phys. 32, 217 (1993)

[31] W. Sarlet and F. Cantrijn, Phys. Lett. A 88, 383 (1982)

[32] K. J. Whiteman, Rep. Prog. Phys. 40, 1033 (1977)

[33] M. Kruskal, Jour. Math. Phy. 3 806 (1962)

[34] N. Moiseyev, Phys. Rep. 302, 211 (1998)

[35] N. Hatano and D. R. Nelson, Phys. Rev. Lett. 77, 570 (1996); Phys. Rev. B 56, 8651 (1997)

[36] E. D. Courant and H. S. Snyder, Ann. Phys. NY 3 1 (1958)

[37] H. Goldstein, C. Poole and J. Safko: “Classical Mechanics, 3rd ed.” (Pearson Edu., Singapore, 2002)
[38] M. Lakshmanan and Sahadevan, Phy. Rep. 224, 2 (1993).

[39] B. Dorizzi, B. Grammaticos and A. Ramani, J. Math. Phys. 24, 2289 (1983)



BIBLIOGRAPHY

89

[40] S. Okubo, J. Math. Phys. 23 8 (1982)

[41] P. Akhmetiev, A. Ruzmaikin, Jour. Geometry Phy. 3 15 (1995)
[42] F. Calogero, J. Math .Phys. 10, 2191 (1969)

[43] B. Sutherland, J. Math. Phys. 12, 246 (1971); ibid 12, 251 (1971)
[44] J. Moser, Adv. Math. 16, 197 (1975)

[45] Korteweg, D. J., and de Vrles, Phil. Mag. 39, 422-443, (1895)



Chapter 3

Lie-algebraic Method:Invariants for
Classical Systems in ECPS

For obtaining invariants of a variety of time dependent (TD) systems, researchers used the closure property
of dynamical Lie-algebra generated by phase space functions [1, 2, 3]. Though this method is easy to
extend to the quantum domain [4], it turns out to be relatively more efficient for the TD systems. In
recent years, a considerable progress has been made to develop the theory of complex dynamical invariants
for both TD and TID classical systems [5, 6, 7]. First the existence and subsequently the construction,
if possible, of these additional invariants for a dynamical system help a lot in understanding the detailed
properties of the corresponding system.

For the construction of invariants a variety of techniques have been employed in the past with varying
degrees of success and domains of applicability. In this context, while more concerted efforts have been
made for the TID systems, several methods have been used for the systems involving explicit TD in
two dimensions. Sometimes from the point of view of mathematical abstraction a TD n-dimensional
Hamiltonian system is considered as an (n+1)-dimensional Hamiltonian system in which the time appears
as a new canonical coordinate [8]. However, for the practical applications of the theoretical framework
for TD systems a separate account of its time variable is inevitable in spite of the fact that in given
dimensions the time dependence of the system (if it exists) makes its study more complicated than the
corresponding TID situation. Moreover, the study of TD systems in higher dimensions itself becomes
rather involved and mainly for this reason such systems are not explored to the same extent as the TID
ones. An additional advantage of this Lie algebraic method is that the transition to the corresponding

quantum mechanical system is easier and it becomes straightforward.

90



3.1 Construction of complex invariants in one dimensions 91

3.1 Construction of complex invariants in one dimensions

Here as for the real Hamiltonian systems one can expands the Hamiltonian H(z,p,t) in to a complete

set of ECPS as H(x1, p2, p1,x2,t). The H(x,p,t) of the system can expressed as
H= Z hn (0T (21, 22, p1, P2, t), where T' is new phase space function (3.1)

The coefficients in the expansion now are however the complex functions of the real parameter ¢t. The
fact that the invariant I is also a member of this set and allows one to look for the closure of the Lie
algebra generated by the I'’s with respect to the Poisson brackets. Lie-algebraic approach [2, 3] at the
classical level has been used to construct complex integrals for the complex dynamical systems. Though
this method is easy to extend to the quantum domain, it turns out to be relatively more efficient for the
TD systems. For using Lie-algebraic approach recall this method, which has been briefly described in
section 1.5 of chapter one.

Complex invariants in one-dimensions

Most of the studies on this front carried out only for real one-dimensional systems. Here, in the present
work we carried out the extended phase plane approach in one-dimensions with a view to obtain exact
complex integrals of classical dynamical systems. Lie-algebraic method is explored for such constructions
as this has been widely used in literature for the construction of exact and real invariants for a variety of
classical dynamical systems [3] and can easily be extended for its corresponding quantum systems also.
The Method for one-dimensions

As we have already discussed in section 3.2 of chapter 3 that a one-dimensional real phase space (z,p),

can be transform into a complex space (21, x2,p1,p2), by using eq.(2.5) as
T =x1+1p2; p=p1+ir2. (3.2)

Therefore, the Hamiltonian H (z, p) of a one dimensional system in complex space can be expressed, using

eq.(3.2), as H = Hy + iHs. Clearly, from eq.(3.2) we get

9_0 0 0 _ 0 0 53
dr  Oxy Opy’ dp  Op 0o '
The Hamilton’s equations of motion for complex H in eq.(3.2) can be written as
P 0H, n OHy\ . (90H> _ OHy \
e Op1 Oxo 7 P2 = Op1 O 7
. OH, 0H, ) 0H, O0H;
=—|=—+—=—; =—|=-—=—. 3.4
P ( 8171 + 8})2 >, 2 ( 8$1 8[)2 ) ( )

If the Hamiltonian H in eq.(3.4) is to be analytic function of complex variables, then H; and Hj satisfy
the Cauchy-Riemann conditions [16] and after employing such analyticity conditions, eq.(??) becomes

. OH, . OH, . OH, . OH,q
=2——: = —2—: =2——. = —2—. 3.5
T 31)1 ) P 8501 ) T2 31)2 ) b2 8502 ( )
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Note that(x1,p1), (x2,p2) constitute canonical pairs. Now consider a complex phase space function
I(z,p,t) as I = I; + ily. Tt is quite interesting and important in the study of integrable system in the
Liouville sense such as those associated with certain physical meaning equations. This requires function

I to follow the invariance condition the time dependent system in complex phase space, as

i 0I
—=—=—+|[,H| =0 3.6
o =, (36)
where [.,.] is the Poisson bracket, which in view of the definition eq.(3.2) turns out as
[AaB](z,p) = [A7B](x17pl) - i[AvB](zl,m) - i[AvB](pz,pl) - [AvB](pz,m)' (3.7)

the computation of Poisson brackets and to satisfy the closure property of Lie algebra in case of complex

Hamiltonian systems is a bit of tedious work.

3.1.1 Some examples

The described approach gives a flexible and effective tool for investigations of complex invariant. We will
discuss some different examples for dynamical systems.

1. First Illustrative example

Consider a momentum dependent coupled harmonic oscillator in one-dimension [12], whose Hamiltonian
is given by

1 1
H= §p2 + an(t)xQ + a1 (t)zp (3.8)

Here we demonstrate that the complex version of (3.8), namely the P7T-symmetric one obtained by using

(3.2) in (3.8), the above Hamiltonian can be expressed as

1 1 ) 1 ) 1 ) )
H = Epf - 517% +ipi1To + ao(t)[izzrf + ipoxy — §p§] + a1 (t)[x1p1 — paxa + ip1p2 +ix122] (3.9)
10
= Z hm(t)rm(:Elux?aphp?at)' (310)
m=1

and the various I'’s and h(t)’s for the above complex H are given as

1 1 1 1
= ip% Iy = 5503; I's =piwe; Ta= 523%; s = 51)5;
D¢ =poxr; D'z =wip1;  Ts=paxe; To=pip2; Thio=z122; (3.11)

with

hl = —hQ = 1, hg = Z, h,4 = Zh5 == iao(t); h6 = —h7 = al(t) == —h,g; hg = ial(t) == th- (312)

The dynamical algebra in this case is not closed. To find closure property for the above system, we add
four more phase space functions I';’s. The additional I';’s are as follow

Fii=p1i; Twe=wz9; Twzs=m1; Tu=p2  hin=hi2=hsz=has=0 (3.13)
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with corresponding h;(t) = 0. Now in the light of Poisson bracket for complex systems, eq.(3.7), we get
large number of nonvanishing Poisson brackets, namely

[[1,T4] = —T7; [[1,T5] = iTg;[['1,T6] = —Tg +iT7; [[1,07] = —2T; [['1,Ts] = il's; [T1,Tg] = 2iT'1;
[['1,T10] = —T'3; [I'1,T13] = —T'11;[I'1, Ta] = il11; T2, Ta] = iT10; U2, T's] = I's; [I'2, T's] = I'io + ils;

[ 7] =1ils; [[2, ] =2I'y; [[2,T9] =T'3; [[2,T10] = 2il2; [z, i3] =il12; [I'2,Ta] =Tz
[[3,T4] =il'7 —Tho; [[3,Ts5] =il's +T9; [['3,I6] = il'io —I's +il'9 + 7y [['3,T'7] = 2iI'1 — T35

[ 8] =2il2 +T's; [I'3, Do) =2 +il's; [['3,T10] = iT's — 2'9; ['s, i3] = il'11 — g

[[C4,T7]) =2T4; [[4,Ts] = —ils; [[a,T9] =T6; [Ca,T10] = —2iTa; [Ca,T11] =Tis; [[a, Ti2] = —il13;
[[5,T7] = —il6; [['5, I's] = —20's; [['5, T'g] = —2iT's; [I'5,T'10] = —Tg; [I's, 11| = —il145 [[5, T12] = Ty
D, I7] = =2il'4 — T'g; [[6,'s] = =T'¢ — 2i'5; [I's, 9] = 2I's — il's; [[6,10] = =214 — il';
[
[
[
[
[
[

=
g
—

=
¢
—

| = —=il'a — T35 [I7, Is] = =il + il10; [I'7, o] = To; [I'7,T10] = —il'7 — T'yo; [[7, 1] = iy
I'7,T12] = —il'11; [[7, T3] = —Tis; [[7,T1a] = ilis; [Ds, o] = —il's + Te; [I's, T'10] = Ty — il's;

I, T3] =ila; s, 4] =Ta; Do, o] = —T's =7y Do, 1] = —il'11; [Do, 1] = =Ty

s, T11] = —il12; [[s,Ti2] = —Tig; [To, T3] = —Tia, [Do,T14] = iT14; [T10,T11] = Tig;

—il'2; [0, T3] =4Cs; [0, Tia] = Tasy [T, Tis] = =1

[0, D] =4 [Ti2,Tis] =4 [Tiz,Tua] = 1. (3.14)

=
=
2
—
-
N,
Il

Therefore, their use in eq.(3.60) yields the following set of PDEs in \’s:

A1 = 4da; (A — idg) + 4(idg — A7), (3.15)

A2 = da; (Mg 4 ixs) — 4(\s + iA10), (3.16)

A3 = 2a1 (i1 — ida + 2X3) — 2iA7 + 2ids — 2A10 — 2N, (3.17)
Ay = day (=g +idg) — dag(iro — A7), (3.18)

As = —4a1(As + iXg) + 4ao(As + ido), (3.19)

A6 = —2a1 (Mg — ids + 2iXg) — 2a0(As 4+ iA10 — idg + iA7), (3.20)
A7 = 2a0(A1 — iXs) — 2a1 (iAo — iAo + iA7) — 24 + 26, (3.21)
As = 2a0(Az — iXg) — 2X5 + 2idg — 2ia1(As + Ao — o), (3.22)
No = 2a0(iX1 + A3) + 2ixs — 26 — 2a1(iX7 + g — i\g), (3.23)
Mo = —2a0(ida + A3) — 2idg + 2X6 + 2ia1(A7 + Ag +iA0), (3.24)

M1 = 2a1M1 — 2\13 + 2\g, (3.25)
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A2 = 2iay M1 — 2iAi3 4 204, (3.26)
A1z = 2a0(—idia2 + A1) — 2a1(A\1z — id1g), (3.27)
Ma = 2a0(M12 + iAi1) + a1 (Mg — ihi3), (3.28)

In fact, to solve these fourteen coupled PDEs for complex A’s is very difficult. Thus, here we make certain
choices for \’s which facilitate to find solutions of above equations.

From egs.(3.15), (3.16) and (3.17), we get
A3 =iy —ide.
and if we A3 = ¢3 (a constant, say) consider,then A3 = 0, which immediately gives
AL =n(t) +c1, A2 =n(t) + co; Az = c3, (3.29)

where c¢1,c2, and ¢z are complex integration constants. Again from egs.(3.18), (3.19) and (3.20), we

obtain
206 = M — As. (3.30)
and if we Ag = ¢ (a constant, say) consider, then A6 = 0, which immediately gives
Ay = E&(t) + ca; A5 = &(t) + cs; A6 = Cg. (3.31)

where ¢4 and ¢5 , ¢ are complex integration constants. Now, in order to find solutions for A7, Ag, Ag and

A10 subtract egs.(3.21) and (3.22), we find
A= Ag = 2a0(M — A2) — 2iag(=A7 + Ag) — 2(\g + Xs). (3.32)
and then using solutions for A1, A2, A4 and A5 in eq.(3.30) and again if we set Aoy = Ag = ¢(t); we get
A7 —As = 0.
which gives
Ar = ¢(t) + cr; As = ¢(t) + cs. (3.33)

Here ¢(t) is another arbitrary complex function of time and ¢7 and cg are complex constants. In the same

spirit, adding eq.(3.23) and eq.(3.24),

).\9 + ).\10 = 2ia0()\1 —A2) +2i(Xs — )\4) —2a1 ()\9 + )\10). (3.34)
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and then with the help of eqs.(3.29) or (3.31), we get
Ag = (t) + co; Ato = —t(t) + c1o.

where, ¢(t) is one more arbitrary function of time and ¢y and c1o are complex constants.

Now for finding the solutions of A\11, A12, A13 and A14, we observe from eq.(3.25) to eq.(3.28), that
A1 = iAo A3 = idw.
which gives
A1 = o(t) + 15 A2 = —ip(t) + c12; A1z = x(t) + c13; AMa = —ix(t) + c1a).  (3.35)

We have solved egs.[(3.15) to (3.28)] in terms of arbitrary functions 7n,&,é,%, ¢ and x and complex
constants, ¢;’s, (i = 1,....,14). If one put back these solutions for \;, (i = 1,....,,14) in eqs.[(3.15) to
(3.28)], we obtain a number of constraint relations among ¢;’s, and 7, ¢, ¢,9 and @, which limit the
choices of these arbitrary complex quantities. These relations are given as ¢11 = ¢12, c¢13 = ic14 and the

equations determining arbitrary functions 7, £, ¢, and ¢ are written as

i — 4(ar) + i) — §) = 0; € — A[~ai€ + ag(¢ — iY))] = 0; £—-26=0,

¢ — 2(agn — £ —ia19) = 0; W = 2i(agn + & + iargh) = 0; ¢—2p=0. (3.36)

Therefore, after substituting the solutions of \;’s in the eq.(3.58), the complex integral for a two dimen-

sional complex oscillator becomes

1 1
(c1p? + cow3) + 55(30% +p3) + 5(0430% + c5p3) + (c3prava + cow1p2)

crxipe + csTap2) + Y(p1p2 — x122) + (copip2 + croT221)

2

1
I=Sn(py +a3) +
+¢(x1p2 + T2p2) +

—~ DN =

+o(p1 —ix2) + (c11p1 + c12x2) + x (21 — ip2) + (c1321 + c14p2). (3.37)

which conforms to condition eq.(3.59) in view of the Poisson bracket eq.(3.7), A discreet and prudent
effort are made to obtain exact complex second constant of motion of momentum dependent coupled
harmonic oscillator in two-dimensions on an extended complex phase space.

2. Second Example

Consider the case of a shifted harmonic oscillator in x-plane, for which the Hamiltonian is written as [12]

1 1
H = §p2 + §k0(t)x2 + ki (t)z, (3.38)

Where ko and k; are complex function of t. Using the complexification eq.(2.5), the above Hamiltonian

can be expressed as

1 1 . . 1 1 )
H = 5?% - 5553 + ip12e + thox1p2 + §/€0(f)$§ - Qko(t)pg + k1 (t)x1 + tkitpe (3.39)
8
= Z hm(t)rm($1,$2,p1,p2), (340)
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and the various I'’s and h(t)’s for the above complex H are expressed as

1 1 1 1
I = 5??; 2= 5963; s =pize; Ta=aip2; T's = 596% Le = 51?3; F7 = x5 Ts =p2;
hi=—ha=1;, hs=1i; ha=ihs=ko; he=—ko; hr=ihs=k. (3.41)

The dynamical algebra in this case is not closed unless one adds six more phase space functions I';’s.
The additional I';’s and their corresponding h;’s, are given as

I'g =pip2; Tiwo=piz1; Tii=p1; Ti2=x2; Tiz3=z122; I'ta =poxo
ho = hio = hi1 = hiz = hig = hia = 0. (3.42)

Now in the light of modified definition of Poisson bracket for complex systems eq.(3.7), we get large
number of (57 no of) nonvanishing Poisson brackets. Therefore using this 57 number of nonvanishing
PBs in eq.(3.5) we obtained a set of 14 partial differential equations. As such solution of these 14 coupled
partial differential equations for complex As is solved systematically by some ansatze for As as done in

pervious example. Solutions of As so obtained are as

A =x(t) +e; A= x(t) +eo; Az =cs,
Ai=ca; A5 =) +os5 A6 = o(t) + ca,

A7 = B(t) +er; As = —if(t) + cs,

Ag = —%(é —80)+co; Ao = —é(é‘i‘&’) + cio0,

) 1 .
Mg = §(§ —80) +ci3); A= —§(§+80) + C14,

A1 = Oz(t) + c11; A2 = —ia(t) + c19 (343)

where o = [(26(t) + ¢5 + c6)dt and a(t) = [(k1(2&(t) + 1 + ¢2))dt, (1), x(t), B(t) are arbitrary complex
function of time.

Thus, we have solved eqs.(3.43) in terms of arbitrary functions x(t), ¢(t), o(t), a(t) and B(t) and complex
constants, ¢;’s, (i = 1,....,14). Use of these results for \;, (i = 1,....,14) in eqs. (3.43), we obtain a
number of constraint relations among ¢;’s, and x, ¢, o, «, 8, which limit the choices of these arbitrary

complex quantities. These relations are given as

ic13 = —C14;  iCg = —cC10; iy = Cr,

iclg = C11; C1 — Cy = 2iC3; Cy — Cg = 2iC4, (344)
and the equations determining arbitrary functions &, o, @ and 3 are written as
é‘f’ 8ko(26 + ¢1 — iC3) =0; 6+ 8ko(20 +ici13 — 010) =0, & — 2k (25 + 1 —icg) = 0; B +2k1(20 — c10 + 7;0139?#15’)

If we set all ¢;’s equal to zero, then the solutions (for kg = k1 = 1) to these equations can be written as
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Therefore, after substituting the solutions of \;’s in the eq.(3.58), the final form of the integral for a

complex shifted harmonic oscillator becomes

1 1 1 1
I= §X(pf +a2) + 5(011?? + cox2) + c3p1xa + cazipa + §¢(xf +p3) + 5(05:6% + c6p3)

+B(x1 — ip2) + (crx1 + cgp2) + (cop1p2 + c13x122) + g(ﬁ —80) (w122 — p1p2)

1 . .
—g(f +80)(x1p1 + x2p2) + crop1T1 + crap2z2 + a(pr —ix2) + c1ip1r + c1222. (3.46)

which conforms to condition eq.(3.59) in view of the Poisson bracket.
3. Third example
Consider the case of a simple harmonic oscillator, for which the Hamiltonian is written as

1 1
H = 5p2 + §w2(t)x2. (3.47)

is not constant of motion and what has been found [1] is that this system admits the invariant given by

x

§

c = [K%(

)2+ (@€ — 2€)°].

Where auxiliary variable satisfies Milne Pinney’s equation, [10] namely
2
. H
E+w(t)’e= @
We search for the complex invariant using the complexification method as discussed in eq.(3.2). The

complex version of eqn.(3.47), are obtained by using (3.2) in (3.47), the above Hamiltonian can be

expressed as

1 1 . 1 . 1
H = 51?% - 555% +ip1re + WQ(t)[yC% + ip2x1 — 5]93] (3.48)
6
= Z hm(t)rm(xlaa:Qaplaant)v (349)
m=1

and the various I'’s and h(t)’s for the above complex H are given as

1 1 1 1
I, = Epf; Iy = 5:05; Is =pixe; Ta=mipy; TI's = 51’%% Is = 51)57

with
hi=1; hy=—1; hz=i; hy=w’(t); hs=iw’(t); he=—w?(t). (3.50)

The dynamical algebra in this case is not closed. To establish the closure property for the above system,

we have to add four more phase space functions I';’s. The additional I';’s are as follow

I'7 =pp2; Ts=piwy; Tg=2x122; T'10 = powa;

hi1 = hi2 = hig = h14 = 0. (3.51)
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with corresponding h;(t) = 0. Now in the light of Poisson bracket for complex systems, eq.(3.7), we get
large number of (39 no of) nonvanishing Poisson brackets, Therefore using this 39 number of nonvanishing
PBs in eq.(3.5) we obtained a set of 10 partial differential equations. As such solution of these 10 coupled
partial differential equations for complex \'s is solved systematically by some ansatze for \'s as done in

pervious example. Solutions of \'s so obtained are as

M=pt)+c; A=pt)+c, Az=c3, A3 =cs,
.
Xs =n(t) +c5,  Ae =n(t) +c6 )\7:—§(P—8U)+C7,

1, 1, 1 .

)\gz—g(p-i-gd)-f—Cg, /\9=§(p—80)+09, Aloz—g(p-i-gd)-f—clo, (3.52)
Equations from (3.52) have been solved terms of arbitrary functions p and o and complex constants, ¢;’s,
(i =1,....,10). If one put back these solutions for A;, (¢ = 1,....,10) in eqs.(3.52), we obtain a number of
constraint relations among ¢;’s, and p and o, which limit the choices of these arbitrary complex quantities.
These relations are given as icg = —cyg, g = icy other equations are ic3 = ¢1 — ¢, €5 — cg = 2icq and
the equations determining arbitrary functions p(t) and o(t) and ¢ are

P+ 16w?p + 8w?(c1 + c2) = 0,

G+ 16w?c + 8w?(ico — cg) = 0, (3.53)
If we set all ¢;’s equal to zero, then the solutions (for w = 1) to these equations can be written as
p(t) = o(t) = et

Therefore, after substituting the solutions of \;’s in the eq.(3.58), the complex integral for a two dimen-

sional complex oscillator becomes

1 1 1 1 i, .
I =5p(pt +23) + 5 (eapt + c223) + 5n(ad +p3) + 5(esal + cop3) + (eapraz + camaps) — £ (p = 80)
1,.
(p1p2 — 2172) — Z(p + 80)(w1p1 + Tap2) + (c7p1p2 + co2x1) + (c8p121 + Cr0P272). (3.54)

8

which conforms to condition eq.(3.59) in view of the Poisson bracket eq.(3.7), In this work a diffident
attempt has been made to find the expression exact complex second constant of motion of harmonic

oscillator in one-dimensions on an extended complex phase space.

3.2 Construction of complex invariants in two dimensions

Physical dynamical systems in higher dimensions are always interesting. On the classical level only a
few studies of two-dimensional real phase systems have been reported in recent past [13]. Here, in the
present work we carry out the extended phase plane approach to obtain exact complex invariants of a

two-dimensional classical dynamical system [14, 15]. While making a transition from one-dimensional to
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two- or three-dimensional dynamical systems not only the number of coordinates are increased but also
inter-dimensional and position-momentum coupling terms also important to specify the dynamics of the
systems.

The method for two-dimensions

As we have already discussed it in section 3.2.2 of chapter 3, that for a two dimensional real phase space
(%, Y, Pz, Dy, t), which may be transformed into a complex space (1, p3, T2, P4, P1, T3, P2, T4, t), by defining

position and momenta variables as
T =21 +ips; Y =T2+ipa; Po = P1+ixs; Py = P2 +iT4; (3.55)

The presence of variables (z3, x4, p3, ps) in the above transformation eq. can be regarded as some sort of
coordinate-momentum interaction of the dynamical system. In the Lie-algebraic approach, the complex

Hamiltonian in two dimension H (p., py,z,y,t) of the system can expressed as
H = Zhn(f)l—‘n(iﬂl,p&$2,p4,p1,$37p27$47f), (3.56)
n

where the set of functions {I'y,....,I',} are not explicitly time dependent and h,(t) are complex coeffi-
cient functions of time. The T',’s in eq.(3.56) generate a closed dynamical algebra, implies [[,,,T';,] =
>, CL Ty, where C!, are the complex structure constants of the algebra. However for two dimensional

real systems Poison bracket turns out to be

_9f 99 0f0g 0f0g Of 09
0z Opy  Opy Ox * dy dp,  Opy Oy (3:57)

[f,g]

If the T',,’s in eq.(3.56) are not sufficient to close the algebra then the set of I',, must be extended by
adding new I';’s, such that I'; = [T, T',,], until the closure is obtained along with additional h;(t)’s which
are taken to be zero. Since the complex dynamical integral I is also a part of Lie algebra, then one can
express this as

I(t) = Z (T, (21, p3, T2, pa, P1, T3, P2, T4, t), (3.58)
K

where A, (t)’s are time dependent complex coefficients. Thus by using eq.(3.56) and eq.(3.58) for H and

I respectively in the invariance condition

dar - or
=5 T HI=0, (3.59)

we get a system of linear, first order differential equations, namely

At [Z C;mhm(t)] An =0, (3.60)

in \,,’s. Therefore, the solutions of these differential equations in turn provide classical complex integrals

of a given system from eq.(3.58). In the next following sections we will use the Lie algebraic methods to
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obtain complex invariants of different dimensional classical complex Hamiltonian systems.
The expression for two-dimensional Hamiltonian H (x,y, ps, Dy, t) system in complex space can be written

by using eq.(3.55), as
H = Hy(x1,p3, %2, D4, p1,23, P2, T4, t) + iHa (21, p3, T2, pa, D1, T3, P2, T4, ). (3.61)

From eq.(3.55) one can easily obtain

0o 0 0 o9_ o o
dr  Oxy Ops’ oy Oz ops’
6 _o6 _,0. 9 _090 .8 (3.62)

op. Oy Oz’ Opy, Opa  Owy
The equations of motion for complex Hamilton’s are H, eq.(3.61), can be written as

oo (OH | OH:\ . (0H OH\ . (0 OH) . _ (0Hy OH\,
e 6]?1 6$3 ’ ps = 6p1 (91:3 ' 2T 6]?2 6$4 ’ pa= 8p2 (91:4 '

_% AE e — OH, 0H, e ot %'i—— %_% (3.63)
dry  aps )7 b2 dry | Ops )T dxg  Opsa )

If the H, eq.(3.61), is an analytic function of complex variables, then H; and H satisfy the Cauchy-

= O0x1 Ops

Riemann conditions [13] and after invoking such analyticity conditions, eq.(3.63) reduces

L GOH . OH, . 0Hy . OH
1= apl y P1 = 5:101 y 42 — ap2 ; P2 = al’g ’

. OH, . OH; . OHy, . OH,

By =25 b D0y 4= 25, b Oy (3.64)

Note that (z1,p1), (z2,p2), (x5, ps3) and (x4, p4) constitute canonical pairs. Now consider a complex phase

space function I(x,y, ps, Dy, t) as

I = I(z1,p3, x2, pa, D1, T3, P2, Ta, t) + i1 (x1, p3, T2, Pa, D1, T3, P2, Ta, t). (3.65)

Thus for function I to be the TD (time dependent) dynamical invariant of the system in complex phase

space, then this must conform the following invariance condition:

dl ol
S = L[ Hpp= .
o I,H]pp =0, (3.66)

where [.,.] is the PB, which in view of the definition, eq.(3.55), turns out to be

[A,Blzp) = [A, Bl@i,p) = A Bl(z1,25) = {4 Blips,pr) = [As Bl(ps,zs)

+ [AaB](wz,pz) _i[AvB](m27m4) _Z[AaB]( AaB]( (367)

pa,p2) [ Pa,T4)"

this means computation of Poisson bracket in case of complex Hamiltonian systems becomes a bit tedious.
The method Lie-algebraic approach, has been same and it is briefly described in previous section for one
dimensional complex invariants of classical dynamical systems. In the next subsection we shall make use

of the procedure given above to obtain complex invariant of a classical complex Hamiltonian system.



3.2 Construction of complex invariants in two dimensions 101

3.2.1 Some examples from oscillator system

1. Simple harmonic oscillator system

Consider a simple harmonic oscillator in two dimensions [16], whose Hamiltonian is given by

W2+ 12) + ()2 + 1), (3.68)

H =
2

l\DI»—A

Using eq.(3.55), the above Hamiltonian can be expressed as

1 1 1 1 . . .
H = 51’% - §$§ + 5?5 - 517421 + ipais + ip1xs + iw’(t)psa
L 2 1o Loy Lo 2
+iw? (t)paws + v 2(t)2] h *(t)ps + ¥ (t)z3 o (t)pi
12
= Z hon () (21, p3, T2, Pa, 1, T3, P2, Ta), (3.69)
m=1
and the various I'’s and h(t)’s for the above complex H are given as
1 1 1 1
I = 5??; Ly = 596%; Iy = 51?3; Iy = 5961 s =pizs; e = pawa;
T7 =pse1; Ts=paws; Do=2a% Tiw=iph Tn=ic% Tiz=op?
7 = P3%1; 8 = Pax2; 9*2 1 10*2])3’ 11*2 25 12*2])47

hy =hs=1=—hy=—hs =1; hs = hg = i; ihr = ihs = ho = h11 = w>(t) = —h1o = —h12. (3.70)

The dynamical algebra in this case is not closed. To find closure property for the above system, we add

eight more phase space functions (I';)’s. The additional (T';)’s are as follow

Tz =pip3; Tw=pix1; Tis =zx3;  T'ig = pazs,
Ti7 =paps;  Tig =poxa;  Tig =paws; Tag = @224, (3.71)

with corresponding h;(t) = 0. Now in the light of Poisson bracket for complex systems, eq.(3.67), we get
large number of nonvanishing Poisson brackets, namely

[[1,T7] = —Tais +il1a; [[1,09] = —Ta; [[1,T10] = il13; [[1, i3] = 2iT,
[[1,T14] = —2T1; [[1,T15] = —T's; [['1,T16] = il's; [2,T'7] = T1s + s,
[[2, 9] =il'1s; [[2,T10] =T16; [2,T13] =T's; [[2, 4] =i,

[[2,T15] = 2il9; [[2,T16] = 202; [['s,I's] = =Tz + tI1e; s, T11] = —Tas,
[[3,T12] = iT17; [[3,T17] = 2il3; s, Tig] = —2T'3; [['3,T'19] = T,

[['5,T20] = —=T'¢; [[a,'s] =il19 4+ T'20; [[4,T11] = iT20; [[4, T12] = Tio;
[C4,T17] =T6; [[a,T18] =il6; [Ta, 9] = 2045 [a, To0] = 2iT4,

[[5,I'7) = i3 4+ Tia + 015 — Ty [Is, Do) = il'a — i [I's,T'10] = T'is + 16,
[[s5,T13] =20 +iT'y; [Ds,T14] = 260 — Ty [[5,T15] = =214 + 405,

[[5,T16] = 2i02 4 I's; [I's, I's] = il'17 + Tig — Tig + il20; [[s, 11] = iT'18 — a0,
[[6,T12] = D17 + il'19; [I6, I'17] = 203 +il6;  [Is, ['1s] = 2i0's — T,

[[6,T19] = 2iT4 + T's; [T, '20] = =20 4+ il'6; [I'7, 3] = —il'7 + 2T0,

[['7,T14] =7 — 2ilg; [['7,T15] = —il'7 — 2D9; [I'7, 6] = —T'7 — 2il'10,

[[s,T17] = —ilg 4+ 2T'12; s, I'ig] = I's — 2iT11; [I's, o] = —T's — 212,
[[s,T20] = —il's — 2I'11; Do, T13] = T'7; [Co,T1a] = 20; [T, I'15] = —2iT,
[C9,T16] = —il'7; [10,T'13] = =2il'10; [0, 4] = —il'7; [T10, T1s] = —T'7,
[C10,T16] = —2T10; [T11,T17] =Ts; [T11, Tig] = 20115 [T11, o] = —iTs,
[[11,T20) = —2iT11; [Ti2,Ti7] = —2iC12; [Ti2,T1s] = —ils; 12, T19] = —2T12,
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[[12,T20] = —T's; [T13,014] = —Tis —ila; i3, Tis] = —Tia — T,
[[13,T16] = —Ti3 +il16; T4, T15] = —il1a — Tis; [Tha,Ti6] = —il13 — iT'is;
[[15,T16] =15 —il'16; D17, Tis] = =T — ilis; [T, Tig] = =Ty + il10;
[[17,T20] = —T1s — To; [IMis, Do = —il7 + tI20;  [Tis, [20] = —il1s — I'oo;
[C19,T20] = il'19 — I'z0. (3.72)
Therefore, their use in eq.(3.59) yields the following set of PDEs in \’s:
A= —4(idi3 — A1g); Ao = 4(idis + Aig), (3.73)
/.\3 = —4(i/\17 — )\18); /.\4 = 4()\19 + i/\zo), (374)
).\7 = —2&)2()\13 +iAg + A5 — i)\lﬁ); /.\g = —2w2(/\17 + iA18 — iA19 + )\20), (376)
).\9 = —4&)2()\14 - i)\15); ).\10 = —4w2(i)\13 + )\16)7 (377)
).\11 = —4w2()\18 - i)\zo); }\12 = —4w2(i)\17 + i)\lg), (3.78)
).\13 = —2w2(i)\1 + A5 — A7+ i)\lo); ).\14 = —2&)2()\1 — A5 + 0N — )\9), (379)
/.\15 = 2w2(i)\2 — X5 + A7 + i/\g); ).\16 = —2&)2()\2 + A5 —iAy — /\10), (380)
).\17 = —2w2(i)\3 + X¢ — Mg + i)\lz); /.\18 = —2w2(/\3 —idg +iAg — /\11), (381)
).\19 e —2w2(/\4 + il — iAg — )\12); /.\20 = 2w2(i/\4 — X + Ag + i)\ll)- (382)

In fact, to solve these 20 coupled PDEs for complex \’s is very difficult. Thus, here we make certain
choices for \’s which facilitate to find solutions of above equations.

From above eqs. we get, w25 + A7 = 0; and consider A5 = 0;, which immediately gives

A5 =c5; A7 = cr. (3.83)
where ¢; and c¢7 are complex integration constants. Similarly, we obtain

X6 = Ce; Mg = cs. (3.84)

Thus eqs.(3.75) it become

iA13 — Mg + A5 + Mg = 0,
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and the above equation, after using egs. (3.73), reduces to A = /.\2; which on integration gives
A =p(t) +ec1; A2 =p(t) + co, (3.85)

where p(t) is some arbitrary complex function of time and ¢; and ¢ are arbitrary complex constants.

Similarly, from eqs.(3.74), after using eqs.(3.73), we find
Az =&(t) +es; A =E(t) +ca (3.86)

Again, £(t) is some arbitrary complex function of time and ¢3 and ¢4 are arbitrary complex constants.

Now, in order to find solutions for Ag and A;g, we can find from above eqn. Ao = /.\10, which gives
Ao =n(t) +co; Ao =n(t) + cio. (3.87)

Here n(t) is another arbitrary complex function of time and ¢y and ¢y are complex constants. In the

same spirit, we get
At = (1) + ey Az = d(t) + cra. (3.88)

where, ¢(t) is one more arbitrary function of time and ¢;1 and ¢12 are complex constants.
Now for finding the solutions of A13 and A4, subtract i times eq.(3.79) from eq.(3.79) and after using
eq.(3.87), we get

Az — iy = —2i(Xg + A10)-

or
Z').\lg + A= 2(2n + ¢g + c10)- (3.89)
On the other hand, time derivative of eq.(3.73) is written as
5\1 = 4(—i)\13 + )\14) = p. (3.90)
Hence using eqs.(3.89) and (3.90), one immediately get
i,. 1.
A3 = g(p—&f)—l-clg; and My = g(p+80')+014, (391)

where o = [(2n(t) + co + c10)dt.

Similarly, we obtain solutions for (A15, A16), (A7, A1s) and (A1g, Aag) respectively as

i, L.

A5 = —g(p —80) + c15; A1g = g(p +80) + c16, (3.92)
7, - 1 .

A7 = g(é —80) + c17; A1g = g(ﬁ + 80) + cis, (3.93)

Ao = = (€ +86) + o5 Aao = —%(g — 86) + a0 (3.94)

| =
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where 0 = [(2£(t) 4 c11 + c12)dt.

We have solved eqs.(3.73)-(3.82) in terms of arbitrary functions p, £, n and ¢ and complex constants, ¢;’s,
(1 = 1,....,20). If one put back these solutions for X\;, (i = 1,....,20) in eqs.(3.73)-(3.82), we obtain a
number of constraint relations among ¢;’s, and p, &, n, ¢, which limit the choices of these arbitrary complex
quantities. If we set all ¢;’s equal to zero, then these relations are given with the equations determining

arbitrary functions p, £, n and ¢ are written as

p+16w?p =0; €4 16w € =0; i+ 16w’y =0; ¢+ 16w?p = 0. (3.95)

then the solutions (for w = 1) to these equations can be written as

Therefore, after substituting the solutions of A;’s in the eq.(1.10), the complex invariant for a two dimen-

sional complex oscillator becomes

1 1 1 1 i
I=p(t +23) + 5605 + o) + 5t +p3) + 5625 + pi) + 5 — 80)(pr1ps — 2173)

2 2 8
1 . 7. 1 .
+§(P +80)(x1p1 + x3ps) + g(ﬁ — 80)(paps — waws) + g(ﬁ + 80)(p2w2 + paza) (3.96)

which conforms to condition eq.(3.66) in view of the Poisson bracket eq.(3.67).
2. Shifted harmonic oscillator system

Consider a shifted harmonic oscillator systems in two-dimensions [9, 17], whose Hamiltonian is given by

1 1
H = 5(pi +p§) + inl(t)Q(ﬂ + %) + ka(t)zy. (3.97)

The complex Hamiltonian on extended phase space can written as can be expressed as

1 1 1 1 1 1 1 1
H = —p? — —x3 +ip1a3 + =p3 — a3 + ipoxy + k1 (t)*| =23 — =p3 +ipsx1 + =25 — =p3
oP1 = 53 TPIT3 T 9Py T 5Ty T IP2Ts 1()212]93 p3t1 T 502 = 5P
16
+iwops | + K2 (t)? (w122 + ipswa + ipary — pspal = Z hon (D)L (21, p3, T2, Pa, P1, T3, P2, T4)3.98)
m=1
and the various I'’s and h(t)’s for the above complex H are given as
1 2 1 2 1 2 1 2
Iv=gpi; Do = gas; I's = opa; Ta = cai; I's = pras; L'e = paza; I'r = paxs; T's = paxa,
1 1 1 1
Iy = 5”6?; o = 51’%; = 5”65; INPES 5173; I3 = z122; T'ia = papa; Tis = psza;Tie = paz1(3.99)

with

h1=h3=1=—h2:h4:1, h5=h6=i; ih7=ihg=l€%:h9:h11,
th = h12 = —H%; hlg = KRg = —h14 = ih15; h16 = ’L'Iig. (3100)

The dynamical algebra in this case is not closed. To find closure property for the above system, we add
twenty more phase space functions I';’s. The additional (I';)’s are as follow

'z =pips; This =pixr; Do =pap1;  T'ao = p3xs;
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To1r = x123; Toa = x322; Doz = xop2;  I'ag = papy;
Tos = pap2;  T'ae = xawa; Dor = paxs;  Dag = 212045
Pog = x3ps;  D'so = z1p2;  I's1 = piwe; D'z = paza,
I'ss =piwa;  Tsa =pip2; Dss =xswa; I'se = paws; (3.101)

with corresponding h;(t) = 0. Now in the light of Poisson bracket for complex systems, eq.(3.67), we get

large number of non-vanishing Poisson brackets, namely

[['1,T7] = —T'17 +il1s; [[1,T9] = —Tis; [, T =il17; [T, Tis] = —Tsy;
[[1,T14] = iT1o; [I1,Tas] = il315 [I1,T6] = —T1o; ['1,T17] = 2ily;
[[1,T1g] = —2T1; [[1,T20) = i's; [['1,T21] = —T's; [I'1, Tas] = il4;

[['1,T9s] = —I'33; ['1,T'30] = —T'aq; [['1,T'32] =il's3

[[2,I'7] = —il'20 + I'a1; [[2,T9] = il21; [['2,T10] = il20; [[2, i3] = il22;
[[2,T14] = Tag; [I'2, 5] =Ta2; [z, 6] =il29; [z, 7] = s
[[2,T18] = il's; [['2,T20] = 2T2; [[2,T21] = 2iTe; 2, T'25] = I'se;

[['2,Tog] = iI'35; [I'2,T'30] = il'36; [[2I'32] = I'35

[['3,T8] = il'23 + T'oa; [[3,T'11] = —Tag; [['3, 2] = il2s [I's,T13] = —T's0;
[[3,I14] = il25; [['s,T15] = —Tas5; [['s, 6] = il'30; [['3,T'19] = il's4;

[['5,T22] = —I'se; [I's, [az] = —20'3; [['3, [aa] = 2is;

[[3,T96] = —T's; ['s,T27] =ils; ['3,20] = il'36; [I'3,'31] = —T'sa;
[[4,Ts] = il27 + Tog; [Ta,T11] = il26; [[4,T12] =Tor [[a, T3] = ilas;
[[4,T14] =325 [[4,T1s] = ils2; [4,T16] = Tos; [[a,19] = as;

[[4,T92] = iI'35; [['4,T23] =il'6; [[4,'24] = Ts;

[[4,To6] = 2ily; [[4,Ta7] = 2045 [[4,T29] =T'35; [T, 31] = iI's3;

[[5,1'7] = il'21 4+ il17 4+ Tis + Tao; [[s, o] = il'1s — a1

[['5,T10] = iT'20 + Ti7; [[s,T1s] = 31 — ooy [I'5,T14] = Tig + 02,
[[5,T15] = g1 4+ il's2; [['5,T16] = —Tag + il'19; [['5,T17] =05 +T'y,

[[5,g] = —I's 4+ 2il'1; [I's,Tao] = 2i02 + Ts;

[[5,T21] =Tis; [[s,as] = il'20, [I's,Tag] = I'ss +il's3; [I's,I's0] = —I's6 + il'34;
[['5,Ts2] = sz + il'33, [[,'s] = il'26 + 'ag — Loz + il24; [I's, ['11] = il25 — Do,
[C6,T12] = Dag + tT'24; [T, 18] = —Tag + il'30; [['s, T14] = iT's2 + a5,

[[6,T'15] = —I's2 +il'25; [, '16] = iT'2s8 + I's0 [I's, ['19] = il's3 + 's4;

[[6, T3] = —T'6 + 2il's; [Is, [2a] = 23 + ils; [['s, 6] = 2I's — il's
[Cs,T27] = I's + 2iT's;  [[s,T'29] = iT'35 + I's3, [T, I's1] = —I'a3 + il'34;
[[7,T17] = —il'7 + 2il10; [[7,Tis] = T'r — 2ilg; [['7,Tho] = —il'16 — Tia;
[['7,T20] = —I'r — 2il'10; [['7,T21] = —il'7r — 2T9; [['7,T22] = il'15 — i3
[['7,T29] = —il'1a — T'1s; [['7,T81] = Tis — il'1s; [[7, s3] = —ilas + I'so;
[['7,T84] = —il'30 + T'25; [['7,0'35] = —I's2 — I'as; [I'7,I'36] = —il'25 — I's0;
[[s,T23] = —2il'11 + T's; [['s,T24] = —il's + 2TM12; [['s, T'25] = s — il'15,
[['s,Ta6] = —2I'11 — il's; [['s,Ta7] = —I's — 2il'12; [['s, T'2s] = =iz — il'16,
[[s,T30] = —il'13 + T'1s; [['s,a2) = —I'15 —il1a; [['s,'33] = =31 —il0,
[[s,T34] = —il'31 + Tig; [['s,T35] = —T'a2 —il29; [I's,I'36] = —I'30 — il'25,

[C9,T17] =7y [Tg,T1s] = 2Ig; [['9,T'19] = —I'16;
[Co,Ta0] = —il7; [T, Ta1] = —2iTy; [Tg, o] = —ils;
[[g,'og] = —il16; [To,I's1] = Ti3; [T, I'sz] = Iag;
[[g,I'34] =305 [Tg,'ss] = —illag; [T'9, I'se] = —il's0;
[[10,T17] = —2iT10; [Cho,Tis] = —il'7; [Cho, o] = —il14;
[[10,T20] = —2T'10; [T'10,T21] = —T'7; [T'10, 2] = —T'is;
[C10,T20] = —T14; [10,T31] = —il1s5;  [Tio, s3] = —il'32;
[C10,T34] = —iT'25; [T10,T'35] = —T'32; [T'10,T'36] = —I'2s;
[[11,T23] = 2115 [Ci1,T24] =Ts; [Ti1,Tas] = Tus,

[T6,Ta2] = —T'35 + il'36;
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[[11,T26] = —2iT'11; [[11, D7) = —ils; [[11, Dag] = —il13;
[['11,T30] = i3; [C11,32] = —il1s; [C11, Tss] = —To,
[[11,T34]) = Ts1; [C11,35] = —il22; [[11,'36] = a2,
[[12,T23] = —il's; [[h2,T24] = —2iT12; [[12,D2s] = —il14,
[[12,T26] = —T's; [[12,27] = —2TM12; T2, 2s] = —T'i6;
[[12,T30] = —il16; [C12,T32] = —T'14; [T12,33] = —T'1o,
[[12,084] = —il'19; [[12,0'35] = —T2g; [['12,'36] = —il'29,
[[13,T17] =155 [Ti3,Tig] = Tis; [Cis, Do) = Do
[[13,T20] = —il'15; [[13,21] = —il1s; [[13,Ta] = —2il11;
[C13,T23] =T13; [[13,T24] =T16; [T'13,T25] = T';
[C13,T26] = —iT13; [T13,T27] = —il'16; [['13,T2s] = —2il'y;
[[13,T29] = —il's; [T'13,030] = 20; [T'13,'31] = 21115
[[13,032] = —il'7; [[13,0's3] = Tag — il'1s; [[13,'s4] = T2 + [is;
[[13,35] = —il'26 — il'21; [I'13,'36] = 21 — ily3;
[[14,T17] = —=T6; [[14,Dis] = —ilv6; [T14, T19] = —2i00;
[[14,T20] = —T1a; [['14,T21] = —T16; [T14,22] = —Tg;
[[14,T23] = —il15; [[14,024] = —iC14; T4, Das] = —2iC0;
[[14,T26] = —T15; [T14,27] = =Ty [Tia,Tog] = —I'r;
[[14,T29] = —2T12; [[14,T'30] = —il'7; [[14,31] = —il25;
[[14,T32] = —2T10; [[M14,T33] = —il24 — Ti7y [Tia,Daa] = =017 — il24;
[['14,T35] = —2T'20 — I'a7;  [[14, 3] = —T'20 — il24;
[[15,17] = —il1s; [Tis,Tig] = —ilis; [Tis, [ig] = —ils;
[[15,T20] = —T'20; [['15,T21] = —T13; [['15,022] = =213
[[15,023] = Tis; [Cis,D2a] = Tha; [Tis, Das] = 200
[[15,026] = —il'15; [[1s,D27]) = —il1a; [Cis, Das] = —ilar;
[C15,T20] = —T's; [['15,T30] =75 [T'15,Ta1] = =241
[C15,T32] = =2il'10; [[15,I'33] = —il'26 —il'17; [C15,T34] = Ti7 — iT14;
[C15,T35] = —I'26 —il'20; [I'15,T'36] = I'20 — I'23;
[C16,T17) = T1a; [T16, 18] = Ti6; [C16, [19] = 201235
[[16,20] = —il14; [Tie, I21] = —il16; [Tie, [o2] = ils;
[[16, 23] = —il13; [Tie, I'2a] = —il1e; [Tie, [os] = —il'7;
[[16,T26] = —T'13; [I'16,T27] = —T17; [T'16, [2s] = —20g;
[[16,20] = —2iT'12; [16,'s0] = —2ile; [T16,'31] = Is;
[[16,032] = —=T'7; [T16, s3] = —T1s + Tor; [Tie, 'sa] = Daa — il'1s;
[[16,'35] = —T'21 —il'27; [[Ci6,36] = —il'24 — iT'21; (3.102)
Therefore, their use in eq.(3.66) yields the following set of 36 PDEs in \’s:
M = 4(id7 — Mis), (3.103)
Ao = —4(Aao + iAa1), (3.104)
A3 = —4( Aoz — idas), (3.105)
A = —4(idag + Aar), (3.106)
/.\5 = —2(A17 + @A + Aa1 — iA20), (3.107)
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A6 = —2(iAag — Aag — ida7 + Aag), (3.108)

Ar = 2k (M7 4 idis + Aot +iha0) + 2k1 (A3 + ids0 4 Aag — idas), (3.109)
Mg = 261 (Aag — id1g — iAag + iA31) + 2k2(idaz + Aaa — iAa7 + Aag), (3.110)
Ao = 4ka(A1g — ida1) + 4k1(—idas + Aso), (3.111)

Ao = 4k (id17 — Aao) + 4k (iAs2 — Aas), (3.112)

A1 = 4r2(Aa3 — idag) + 4k1(Aa1 — idaa), (3.113)

M2 = 4ka(idag + Aa7) + 4k1(A1g + Aag), (3.114)

M3 = 2k2(—idag — idas + Aso + As1) + 261 (Mg — ida1 + Aoz — iAgg), (3.115)
A4 = 2r2( Mg — Aas + Aar + isa) + 261 (117 — Ao + Aoy + idaa), (3.116)
Ais = 262 (Ao — idas — Az2 4 iAz1) + 261 (— A1z — iAa0 + Aag + ida3), (3.117)
A6 = 262(id19 + Aas + iAag + id30) + 261 (iA1s + Aa1 — Aga + iAa7), (3.118)
M7 = 2R9(iA1 + Xs) + 2(= 10 — A7) + 251 (33 + iA34), (3.119)

Mg = 2ra(A1 — iXs) + 2(id7 — iXg) 4 2k (—ids3 + Aaa), (3.120)

Mo = 2k2(Ag3 + iAss) 4+ 2(—iA1s — A1g) + 261 (iA1 + As), (3.121)

A20 = 2k2(idg — iXs) 4+ 2(id7 — iA10) + 261 (A35 — iAs6), (3.122)

Aot = 2ka(=Ag + As) + 2(=A7 — Xo) + 21 (iX35 + A3g), (3.123)

A22 = 2k2(—ilgs + Agg) + 2(—idiz — A1s) + 261 (—ida + As), (3.124)

/.\23 = 2/%2(/\3 — ’L/\G) + 2(—/\11 + Z)\g) + 2/11(/\34 — i/\gg), (3125)
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Aoa = 2k (ids + A6) + 2(=Xs + id12) + 261 (A3 + iAz4), (3.126)
A2s = 2k2(Ags — iAsg) + 2(—A1s + idia) + 261 (A3 + Xe), (3.127)
A26 = 2ka(—ids + Ag) + 2(—As — iA11) + 2k1 (N33 — iAs5), (3.128)
Aar = 2ka (Mg 4 iXg) + 2(= 12 — idg) + 2k1 (35 + iA33), (3.129)
Aog = 2ka(A33 — iA35) + 2(—idi3 — Aig) + 261 (N6 — iAd), (3.130)
Aoo = 2ka(A35 + iA36) + 2(A1a — idig) + 261 (Ag +iXs), (3.131)
A30 = 2ka(Ass — idsg) + 2(—A13 + i) + 261 (A3 + ide), (3.132)
As1 = 2ka(—id33 4+ A3a) + 2(—=A13 + idis) + 261 (A1 — i)s), (3.133)
As2 = 26k2(—iA33 + Azs) + 2(+FA1a — idis) + 261 (Mg +iXg), (3.134)
A3z = 2(=A1g — iXs1 — Aag + iA32), (3.135)
Asa = 2(idg — Az0 — A1 + Aas), (3.136)
Ag5 = 2(—idag — idas — Ag2 — Aag), (3.137)
Ass = 2(— A2z — Aas + idag — i)z0), (3.138)

In fact, to solve these 36 coupled PDEs for complex \’s is very difficult. Thus, here we make certain
choices for \’s which facilitate to find solutions of above equations.
From eqs.(3.103), (3.104) and (3.107), we get 2A5 = iA; — iAg; and if we consider A5 = ¢5 (a constant),

and from relation A\ = A2 = 1y (¢), which immediately gives
Ar=m(t) + i Ao =mi(t) + ¢ (3.139)

Again from eqs.(3.105), (3.106) and (3.108), we get 2\g = iAs + i\s; and if we consider g = ¢ (a

constant); and from relation A3 = Ay = 12(¢); which immediately gives

Az = m2(t) + cs; Ay = —m2(t) + ca. (3.140)
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Now, in order to find solutions for A1, A1z, From eqs.(3.113), (3.114) and (3.110), we get 2As = iA1; —iAio;

and if we consider Ag = cg (a constant), and from relation A;; = A2 = n3(¢); which immediately gives
Arr = n3(t) + c11; A2 =n3(t) + crz. (3.141)

From eqs.(3.111), (3.112) and (3.109), we get 2A; = iXg — iAjg, and if we consider A7 = ¢7 (a constant),

and from relation A\g = A9 = 14(¢), which immediately gives
Ag = ma(t) + co; Ato = na(t) + 1o (3.142)

Now, in order to find solutions for A5, From egs.(3.111) , (3.113) and (3.115), we get 2A15 = Ag + A11,
and if we consider A;3 = ¢13 (a constant), from above relation (with Ag = n4(t) 4+ co; A11 = n3(t) + c11)

gives
A3 = n(t) + c13. (3.143)

where 7(t) = n4(t) + n3(t); is an another function of ¢ and (c13 = ¢3 + ¢4, a constant)
From eqs.(3.112), (3.113) and (3.117), we get 2\15 = i\ig + iA11;, and if we consider A\i5 = c15 (a

constant), further from above relation (with A1jg = n4(t) + c10; A11 = n3(t) + ¢11) gives
A5 = U(t) + C15. (3144)

where 7(t) = n4(t) + n3(t) is an another function of ¢ and (¢15 = ¢19 + c11, a constant)
Again, in order to find solutions for Aig, From eqs.(3.111), (3.114) and (3.118), we get 216 = iAo + iAo,

and if we consider A\;g = ¢16 (a constant), further from above relation (with Ag = n4(t) + co; A2 =

13 (t) + 012) giVGS
Ag = n(t) + c16. (3.145)

where 7(t) = n4(t) + n3(t) is an another function of ¢ and (¢16 = ¢g + ¢12, a constant)
From eqs.(3.112) , (3.114) and (3.116), we get 2A14 = Ao+ A2, and if we consider A4 = c14 (a constant),

further from above relation (with Aig = n4(t) + c10; A2 = n3(t) + c12) gives
A1a = n(t) + c14. (3.146)

where 7(t) = n4(t) + n3(t) is an another function of ¢ and (¢16 = ¢19 + ¢12, a constant)
Now for finding the solutions of A7 and Aig, add i times eq.(3.119) from eq.(3.120) and after using

eq.(3.126), we get
Mg +idi7 = —idg — ih1o = —i(Ao + A10),
or

iM7 4+ Mg = —i(2n4(t) + co + c10). (3.147)
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On the other hand, time derivative of eq.(3.103) is written as
AL = 4(id7 — Aig) = 6. (3.148)
Hence using eqs.(3.147) and (3.148), one immediately get
A7 = —%(9 —8¢) + ar, (3.149)
and
1 .
g = —5(6‘ + 85) + c18, (3150)

where £ = [(2n4(t) + ¢o + c10)dt.

Similarly, from eqs.(3.122 to 3.129) with eq.(3.106), we obtain solutions for (A2g — A7) respectively as

Aog = —5(6’ + 85) —+ c20; Ao1 = g(@ - 85) + C21, (3'151)
1 .
A23 = —g(p — 87,0') + C23; )\24 - _%(p + 810') + C24, (3152)
T, . 1, .
A2 = g(P‘FsZU)‘FC%‘; Ag7 = —5(0—810)4'0277 (3.153)

where o = [(2in3(t) 4 c11+c12)dt. Now to obtain solutions for (A1g — A32) respectively as, from eqs.(3.121

to 3.134), we obtain following equations

/.\19 — Z.).\gl = (i/\lg —iA\14 + 15 — )\16> =0. (3154)
/.\22 + 7;).\29 = (—i/\lg +iAg — M5 + )\16) =0. (3155)
Xas — Ao = (M3 + idia — A1z — idig) = 0. (3.156)
/.\28 + Z').\gz = (—/\13 +iAg + A5 — )\16) =0. (3.157)
since
A1z = A = A5 = Aig = 1(1).
or if we set

).\19 = Z').\gl = é(t); ).\22 = —7;).\29 = (p(f) (3158)

).\25 = ).\30 = X(f); ).\28 = —7;).\32 = ’Q/J(t) (3159)
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which immediately gives

Alg = d)(t) + C19; A3l = —igf)(t) + c31; Ao = gﬁ(t) + C29; Aog = i(p(t) + Cl29 (3160)

25 = X(t)cas; A3o = x(t) +c30;  Aag = () + 285 A3z = itp(t) + ca2. (3.161)

Now to obtain solutions for (As3 to Azg), simply put the values of (A9, A22), (Aa25, Aag), (A29, A30), and
(A31,A32) in (3.135 to 3.138), we get

A33 = (1 (t) + c33; Asa = ao(t) + c34;  Ass = as(t) + cs3s; Ase = ay(t) + cs6 (3.162)
where the a’s are as follows

2[2ip(t) — 20(t) 4 c19 + cog + €31 — ic32]dl;

2[2ip(t) 4+ 20 (t) — icaa — icag — Ca9 — C32]dl;

a9 (t) /2[2(}5( ) — 2Z + [X(t) — ZX(t)] — iClg —+ C30 —+ C31 — i025]dt;
/ 2[=2ip(t) + [x(t) — ix(t)] + c22 + ca5 — icag — ic3o]dt.

w

We have solved eqs.[(3.103) to (3.138)] in terms of arbitrary functions 7’s, 6, €, 0,1, &, p, p, x and «’s and

complex constants, ¢;’s, (i = 1,....,36). If one put back these solutions for \;, (i = 1,....,36) in egs.
[(3.103) to (3.138)], we obtain a number of constraint relations among ¢;’s, and n’s, 6, 0,&, 0,9, ¢, p, x
and s, which limit the choices of these arbitrary complex quantities. If we set all ¢;’s equal to zero, then

these relations with the equations determining arbitrary functions n’s, 6, @, ¢, p, x and «’s are written as

iia + 40 — X + diny = 0; ijs — 46 — p + ins = 0,

i=2(p+0—X—0)=0; ii—2(p+6— %~ =0,

U+ 16(icn — G — 1) = 0; 9 + 16(cig — ica + i) = 0,

¢+ 16(co — i +10) = 0; @ + 16(ic1 + g +132) = 0,

O 4 2i(icey + &1 — i) — 04 iny) = 0; & — 2(idvy + g — i+ 17 + i) = 0,

& — 2(g — idy + i — N4 12) = 0; ) — 2(idy + Gg — i1 + 7 + i) = 0,

2+ 20 = 0; 20 — 2x — iy = 0; 20 + 2b = 0; 2 — x — iy = 0. (3.163)
Therefore, after substituting the solutions of \;’s in the eq.(3.66), the complex invariant for a two dimen-

sional complex oscillator becomes

1 1 1 1
I= 5771(2?1 +23) + 2772(]92 +3) + 2774(301 +p3) + 2773(562 + p3) + (2132 + P3ps + T2p3 + T1pa)

(9 88)(p1p3 — w123) — —(9 +88)(x1p1 + x3p3) — %( — 180)(p2ps — T2x4) — %(p +1i80)

(Pa2 + paa)Pp1pa + PT2x3 + YT124 + XP2P3 + 10P4T3 + XP2T1 — iPP1T2 + 1p3Ty

+Ta1p174 + Q2p1P2 + A3T3T4 + Q4P2T3. (3.164)
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which conforms to condition eq.(3.66) in view of the Poisson bracket.
3. Coupled harmonic oscillator system

Consider a coupled harmonic oscillator in two-dimensions [18], whose Hamiltonian is given by
1
H= 5[ozlpi + agpz + B12? + Boy? + 2a3papy + 2B37y). (3.165)

The above Hamiltonian can be expressed as

1 1 1 1 1 1 1 1
H=oqa|=p?— =22 +ipix3 | + ao| =p2 — =22 +ipoxy | + —x2 — —p2 +ipsxy | + —x2 — —p?
1<2p1 5% T P13 2| gP2 — 5% P2t 5121 5P3 + 3T 5222 5Pa
20
+i$2p4) + az(w132 + iz1pa + 1ps¥z — pspa) + Pa(prp2 + ip12a + ip2ws + w3T4) = Z han ()01 (3.166)
m=1
and the various I'’s and h(t)’s for the above complex H are given as
2 2 2 2
p1 T3 P2 Ty T1 p3
[M=—=;Ts=—: T's= s y==;T5=—; I's = = —; I's = =,
1 5 2 5’ 3 =Pp1x3; L4 5 B 6 = P2Ta; L7 B 8 B)
3 Py
Lo = z1ps; I'o = 5 Tl =xopsa; The = o s = 1235 T'ia = 21pa; Tis = pawo;
Ti6 = pspa, Tir =pip2; Tis = pixa; Tho = z3p2; 2o = 374 (3.167)

with

hi1 = ho = a1; hy =ia1; hy = hs = ag; he = tag; hy = hg = B1; hg = if1; hio = h11 = (2

hia = iB2; hia = his = if83; hiz = PB3; hig = —P3; hir = as; hig = hig = ias; hog = —ag. (3.168)

The dynamical algebra in this case is not closed. To find closure property for the above system, we add
sixteen more phase space functions (I';)’s. The additional (I';)’s are as follow

Fo1 =pips; Toa =piza; Doz =wop1; T'aa = pips,
Paos = psxs;  TDae = xixs; Doz = xows;  Tag = w3pa;
Pag = xop2;  T'so = pape;  D['s1 = pops;  D['s2 = pam,
I'ss = xowa; T'sa = xaps;  D'zs =x124;  D'36 = p3xa (3.169)

with corresponding h;(t) = 0. Now in the light of Poisson bracket for complex systems, eq.(3.67), we get
large number of non-vanishing Poisson brackets, namely

[[',I7] = =Tag; [['1,Tg] = il91; [['1,T9] =4l22 — o1, [['1,T13] = —Tas;
[['1,T14] = —=Tas; [['1,T15] = il2s; [['1,T16] = il24; [['1,T21] = 2T

[['1,T92] = =21, [['1,T95] =il's; [['1,T96] = —T's; [['1,Ds1] = il'i7;

[[1,T32] = =Tur; [[1,T35] =il1s; [[1,T36] = —Ts; [['2,T'7] = il'26, [I'2, I's] = T'25
[['2,T9] = il9s +il26; [['2,I'13] = il27; [I'2,[14] = il2s,

[[2, 5] =Ta7; (T2, T16] =T2g; [I'2,T'21] =T'3, [[2,T22] =ils

[['2,T9s] = 2I'3; [[2,Ta6] = 2il'2;  [['2,'s2] = il

[[2,T35] = il'20; [I'2,I'36] =205 [['s,I'7] = —il'96 + il22; [['s, I's] = il'25 + a1,
[

[

[

[

[

[

[

—

I'3,T9] = Tas + il'26 + 21 + Doz [['s, i3] = —Ta7 4 ila3,

U3, T14] = 024 — Tas; [['s,I15] = il27 + az; [['3,T16] = il + Daa; [['s, '21] = il's + 217,
'3, T92] = —I's + 2ils; [['s,[a5] = 2il2 + I's; [['3,Da6] = —2il'2 + i3

5,031 = Tir 4+ il'g, [['3,I32] = —T19 4 il'17,

I'3,T35] = iT'1s —T'20; [['3,T36] = iT20 +il'1s; [T'a,I'10] = —T29;

4, T11] = —T'30 +il20; [T'4, T12] = il'30;

Ty, Ti3] = —Ts2; [[a,T1a] = ils2; [[a,T15] = —il's1; [[a,T16] = 32,
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| = —T17; [[4,T24] =il17; [[4,T27] = —To;
| =ilg; [[4,T2g] = —2T4; [[4,Ts0] = 2iT4; [T'4,T33] = —T's, [[4,Ta4] =T
]| =il33; [['5,011] =il34 4+ 335 [['5,12] = T'aa,

Is5,T13] = ils5; [['5,114] = T'ss; [['s,T1s5] = il's6,
]
]

=
H
-
o

=T36; [['s,T23] =il'28; [['5,T24] =T1s; [['s,Ta7] = il'a0,
= on, [F57 Fzg] = irs; [1_‘57 F30] = iFg; [F57 Fgg] = 2iF5; [F57 F34] = 2F57
I, I's] = —I's3 +il'20; [['s,['11] = il'33 + a9 + 330 — 34,

=T31 —il'32; [[g,I1s] =T'36 —il'35; [['g,I'19] = —I'z2 — il'31;
= —il'sg — I'z5; [[9,T21] = 2I's —ilg; [[g,22] =T'g — 2il7;

e, T12] = Ts0 4+ iI'34; [T6,13] = —T's5 + il's2; [T6,'14] = i35 + so,
I, T15] = —T'zs + 315 [T's,['16] = il'36 + I'a1;
e, T23] = —T'igs + il'17; [De, 2a] = D17 4+ iTis; [Ds, To7] = il29 — '
Ie,T28] = T'ig +4l'20; [['s, 2] = 2il's — T's, [I's, '30] = 2I's + iTs;
D, T33] = —2T'5 +il's; [Is, 'sa] = 2iT'5 + Ts;
I'7, 7] = —=I'sg; [I'7,T18] = —T'ss; [['7,T19] = —il's2; [['7,T20] = —il'35; [['7,[21] = Do;
I'7, 2] = —2I'7; [[7,Te3] =T13; [['7,T24] =Tg; [I'7,T25] = —2I'7;
I'7,T96] = —2il'7;  [['7,T27] = —il13; [I'7,Tas] = —il14;
I's,T17] = —il'31; [I's,Tig] = —il's6; ['s,T10] = —T's1; [I's,Ta0] = —T'z6; [I's, I'21] = —2iI's;
I's,T22] = —il'g; [['s,T'23] = —il'15; [['s,[2a] = —il'16; [['s,T'25] = —2Is;
I's,T26] = —T'9; [['s,T27] = —T15; [['s,Tas] = —T'i6;
]
]
]

[

[

(s

[

[

[

[

[

[

[

[

[

[

[

[

[

[

[

[

[

[ =T15 —il13; [Do,l24] =T16 —il14; [Do,T25] = —2il's — D;
[[g,Tag] = —2I'y —ilg; [Io,Ta7] = —il'1s — T'13; [Do, Tag] = —il'16 — I'1a;
[T10,T17] = Tas; [0, Tis] = —il23; [0, o] = Doz

[T10,T'20] = —il27; [0, T'20] = 2TM10; [0, 's0] = ix

[T10,T31] = T15; [C10,32]) =Tis; [Tio, [sz] = —2il0;

[C10,T34] = —il11; [T0,T'35] = —il13; [Ti0,a6) = —il'15;

[T11,017] = Toa — il23; [T11, 18] = —Tag — il24; [T'11, 9] = Tasg — il27;
[[11,T90] = —iT2s — Ta7; [[11,T20] = 11 — 2iT10;  [T11, Ta0] = 2012 — il
[[11,T31] =T16 — il1s; [T11,Ts2] = Tia — i3y [Tin, Tag] = =210 — Ty
[[11,T34) = =2iT12 — 115 [T11,ss] = —ila — Tisy [T, Tse] = =il — s
[T12,T17] = —il24; [Ti2, 18] = —Tas4; [[12, 9] = —il2s;

[[12,T20] = —Tas; [[2,29] = —il11; [Ti2, Do) = —2il9;

[T12,T31] = —il'16; [Tz, s2] = —il1a; [Tz, s3] = =T

[[12,T34] = —2T12; [[12,s35] = —T'1a; [Ti2,s6] = —Tis;

[C13,T17] = Tog + Ta2; [T13,T1s] = T's3 —il22; [['13,T19] = 26 — iT'29;
[[13,T20] = —il'33 — il'26; [[13,021] = 153 [Tis,T2e] = [is;

[T13,T23] = 2T'10; [[13,T24] = T11; [T13,D2s] = —il'1s;

[C13,T26] = —il'13; [T13,T27] = —2il10; [['13,T2s] = —il'g;

[T13,T20] = Tis; [13,030] = Ta; [Tz, [s1] = T

[[13,'32] = 2I'7; 3, s3] = —il1s; T3, Dsa] = —il1a; [T1s, Dss] = —2i07; [[13, ['se] = —il;
[T14,T17] = T30 — il16; [T1a, 18] = Taa — Ta2;  [[ha, o] = —il's0 — il'26;
[[14,T20] = =T26 — il'34; [[14,T21] = T16; [14,D22] = g

[[14,T23] = T11; [Ci4,Daa] = 2012; [Ti4,Dos] = —ilie;

[T14,T96] = —iT14; [T1a,To7] = —il11; [Tia, Dag] = —2iT19;

[[14,T29] = —il13; [T14,'30] = —il14; [T14,031] = —il0;

[[14,T30] = —2i0'7; [T14,T33] = —T'13; [[14,T34) = —T1a; [[14,T35] = —207; [T14,T36] = —To;
[C15,17] = —il29 + T21; [[15, 18] = —il'33 —il'21; [['15,T10] = —I'29 + Tas;
[[15,T90] = =T's3 — il'25; [[15,021] = —il1s; [[15,22] = —il'1s;

[[15, 23] = —2il'10; [[is,L24] = —il11; [Tis,Das] = —Iis;



3.2 Construction of complex invariants in two dimensions

114

Ii5,096] = —T'13; [Iis,Tar] = —2T10; [T'1s, Tog] = —T'11;
Ii5,029] =Tis; [Tis,s0] =Tie; [Tis, [31] = 2@0%;

I'i5,T32] = To; [[i5,83] = —il'1s; [[15,084] = —il16; [T15,35] = —ilg; [I'15,'36] = —2ils;

[

[

[

[T16, 7] = —il'30 —il21; [[16,Ts] = —il34 — Da1; [[i6, [19] = —T's0 — il25;
[T16,'20] = —il'16; [Ti6,'21] = —il'16; [T16, [22] = —il'14;

[T16, 23] = —il'11; [Tie, 2a] = —2iT12; [Tie,D2s] = —Tie;

[T16,T26] = —T1a; [i6, D7) = —T'11; [Tie, 2s] = —20;

[[i6,T20] = —il'1s; [Ti6,I's0) = —il'16; [T16,'31] = —2il's;

[C16,32] = —il'9; [['16,1'33] = —T'15; [Ti6,'34] = L'is;

[T16,'35] = —Tg; [I'i6,'36] = —2'2; [T'17,T21] = iC17; [Ti7, To2] = —Tir;
[[17, T3] = —2T1; [[i7,T24] = 2605 [[i7,as] = il';

[C17,T26] = —Tuo; [T17,T27] = —T's; [[17,Tas] = il's;

[[17,T99] = =T17; [17,s30] = iT17; [Ci7, Ds1] = 2iTy;

[[17,T32] = —2T4; [[i7,Ds3] = —Tis; [Ti7, sa] = —il's;

[[17,Ts5] = —T6; [Ti7,Ts6] = iTs; [Tis,To1] = iT1s; [is, Toz] = —Tis;
[T1s, 23] = 215 [Tis,2a] = 215 [Tis, Das] = il'20;

[C1s,26] = —T20; [Tis,T27] = T35 [Tis,T2s] = T's;

[C1s,T29] = iT17; [Tis, 0] = Tir; [Tis, [an] = il

[C1s,a2] = —T'6; [T'1s,T'33] = il'1s; [[1s,1'34] = —T'is;

[C1s,a5] = —2s; [T, Tae] = 2ils; [Tho,T21] = Tury [Tao, T22] = iTur;
[[19,T93] = —T'3; [[1o,T24] = il'3; 19, T25] = io;

[T19,T96] = il19; [T19,l27] = —2T2; [[1o, [ag] = 2iTs;

[[19,T90] = —il'19; [T19,'s0] = il19; [T10,s1] = 2143

[[19,T'32] = 2ila; [T19,33] = —T'20; [[19, s4] = i'20;

[T19,T'35] = il6; [T'19,'36] = T6; [[20,'21] = Tis;  [[20, [a2] = il'1s;
[C20,T23] = iT'3; [I'20,T'24] = I's; [['20,T'25] = I'20;

[C20,T'26] = iT'20; [I'20,T'27] = 2il2;  [T'20, T'2s] = 202;

[C20,29] = il'19; [I'20,T'30] = '19; [I'20,'31] = I's;

[

oo, '32] = iTs; [I'20,1'33] = il20; [T'20,'34] = 205 [['20,'35] = 2il's; [I'20,'36] = 2T's.

Therefore, their use in eq.(3.66) yields the following set of PDEs in \’s:

A = 4 (idar — Aaz) — daz(Nas — idad),

Ao = —4ai(Aas + idag) — daz(idar + Aas),

A3 = —2a1(Aa1 4 iaa +idas — Aag) — 203(iAa3 + Mg + Aoz — idag),

A1 = —daz(Aag + iAz0) + daz(idz1 — As2),

)'\5 _ —4042(/\34 + i)\gg) — 4043()\36 + 7;>\35)5

Ao = —2aa(idag + A0 — idaa + Az3) — 2a3(Aa1 + ids2 + Azs — i)ze),

A7 = =451 (=22 +idag) + 453(As2 — tA35),

(3.170)

(3.171)

(3.172)

(3.173)

(3.174)

(3.175)

(3.176)

(3.177)
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As = 4B1(ida1 + Aas) + 4B3( A3 + iAs1), (3.178)

Ao = 2B1(Aa1 + idaz — idas + Aa6) + 2B83(As1 + iAs2 + Ass — iAsg), (3.179)

Mo = 483( A2z — idar) — 4B2(Aag + As3), (3.180)

A1 = 283(iAa3 4+ Aaa + Aoz — idag) — 2B3(Aag + iAz0 + Aza — iA33), (3.181)

A2 = 4B3(idaa + Aas) — 4B2(As0 + Asa), (3.182)

Az = 2B3(N22 — ida3 — idag + Aag) + 281 (idas — idar) + 2B2(As2 — iAs5), (3.183)
Ma = 283(Aa6 + Az0 — idaa +ida2) + 281 (Mg — idag) + B2(—As2 + i)ss), (3.184)
A1s = 283(Aa1 — idas + Az + idag) + 281 (idaz + Aar) + Ba(As1 — Ase), (3.185)

A6 = 2B2(ido1 + a5 + 130 + iAza) + 281 (idoa + Aas) — B2(As1 + idsg), (3.186)

M7 = 203(iha1 — Aoz — Aag + iA30) + 201 (iA31 — A32) — 202 (iA23 + Aaa), (3.187)

Mg = —2a3( A1 + ihaz + iAzs + As3) + 201 (=31 + id32) + aa(—ar + Aag), (3.188)
Mo = 2a3(idas — Aag — iAag — Az0) — 201 (Az1 + iA32) + 2aa(—a7 + idag), (3.189)
Aoo = —2a3(A25 + idag + idag + Az0) — 201 (A31 + iAs2) + 2a2(—idar — s, (3.190)
Aot = 2B1(iA1 + A3) + 201 (—idg + idg) + 203(—idig — A1s) + 283(id17 + A1s), (3.191)
A2z = 2681 (A1 — id3) 4 201 (idg — A7) 4 203 (id1a — Ai3) 4+ 283(A17 — idis), (3.192)
Aoz = 2B2(id17 — idig) + 200 (=13 + iAis) + 263(—ids + A1) + 2a3(id1 — i), (3.193)
Aos = 2B3(iA1 + A3) + 203(=A11 + id12) + 201 (—idig — A1a) + 2B2(id1s — Ai7), (3.194)
Aas = 2B1(—ida — A3) — 201 (idg + Ag) + 2a3(= A1 — idis) + 263(iA1g + Aao), (3.195)
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Ao = 281 (—ida + A3) + 201 (—id7 — Xo) + 2a3(—iA13 — A1a) + 2B3(A1g — iAa0), (3.196)
Aa7 = 2B3(—ida + A3) + 2a3(—id1o — A11) — 201 (ids 4+ Ais) + 2B82(A1g + iA20), (3.197)
Aas = 2B3(Ag + ids) 4 203(—id11 — iA12) — 201 (A1 — Aig) + 2B2(—A1o + iA20), (3.198)
Aag = 2B2(Aa + Ag) + 2a2(—A10 + iA11) + 203(idis — Aiz) + 283( A7 — ido), (3.199)
As0 = —2B3(Ag +iXg) + 202 (=11 — iA12) + 2as(—idi — ida) + 283(iA17 + Ao), (3.200)
As1 = 2B3(ig + Ag) + 2a2(idg + Ao) 4 2a2(—idig — A1s) + 281 (A7 + A1o), (3.201)
A3z = 2B3(\s — idg) + 2as(A7 4 o) + 2aa(idia — A13) + 261 (A7 — iAio), (3.202)
Asz = 2B2(As + Ag) + 2a(—A10 — iA11) + 203(—iA13 — A1s) + 283(A1s — iA20), (3.203)
Asa = 2B2(As + Ag) 4 2a2(—id1 + Ai2) + 203(—A1a — ihi6) + 2B3(iMs + A2o), (3.204)
M35 = 2B81(= Mg — Aao) + 202(—idi3 — Aia) + 263(—ids 4+ X6) + 2a3(idy — o), (3.205)
A36 = 283(\s +iXg) — 2a3(idg + As) + 2a2(—Aig + ihi5) + 281 (id1s + A2o), (3.206)

In fact, to solve these 36 coupled PDEs for complex \’s is very difficult. Thus, here we make certain choices
for \’s which facilitate to find solutions of above equations. From above egs., we get 23 = i\ — i/'\g,

and if we consider A3 = ¢3 (a constant), and consider relation \y = Ao = 11 (¢), which immediately gives
Ar=m(t) + A2 = mi(t) + co. (3.207)

again we have 2\¢ = i\s — i)s, and if we consider \g = cg (a constant), and consider relation \y = A5 =

n2(t), which immediately gives
Ag=m2(t) + cq3 As = n2(t) + cs. (3.208)

From above eqs, we get 2}\9 = Dw — i).\g, and if we consider \g = ¢g (a constant),and consider relation

A7 = Ag = n3(t), which immediately gives

A7 =mn3(t) + cr; As = n3(t) + cs. (3.209)
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Similarly , we have 2\11 = iAo — i/.\12, and if we consider A\1; = ¢11 (a constant), and consider relation
A12 = A9 = na(t), which immediately gives

A2 = 774(t) + c19; Ao = 7’]4(t) + c10- (3210)

Now, in order to find solutions for A\13, A\14, A15 and A\ig we have to make simplification for complications
of above set of 24 equations. (i.e. a3 = as = a3, and 8; = 2 = f3.) One can have 2013 = A7 +i}\10, and
if we consider A\13 = ¢13 (a constant), further from above relation (with Ao = n4(t) +c10; A7 = n3(t)+¢7)

gives
A3 = U(t) + c13. (3211)

where n(t) = 5 [na(t) + n3(t)]; is an another function of time and c13 = ¢7 + ¢10; a constant Similarly,

we get 2iA15 = Ao + i\s, and if we consider A5 = c15 (a constant), further from above relation (with

Ato = ma(t) + cr0; As = n3(t) + cs), gives

A5 = n(t) + c15. (3.212)
where 7(t) = 2 [n4(t) + n3(t)] is an another function of time and ¢15 = c19 + ¢s; a constant.
Again, in order to find solutions for Ay, from eqs.(3.178), (3.182) and (3.186), we get 2i\ig = As+A12, and
if we consider A1 = ¢34 (a constant), further from above relation (with Ag = n3(t) +cs; A2 = na(t) +c12)
gives

Ag = U(t) + C16- (3213)
where n(t) = £ [na(t) +n3(t)]; and c16 = cs + c12; a constant. From egs.(3.177), (3.182) and (3.184),
we get 2iNiy = A7 + /.\12, and if we consider A\14 = c¢14 (a constant), further from above relation (with
A7 =n3(t) +er; Az = na(t) + ciz) gives

Ag = n(t) + c14. (3.214)
where 7(t) = 2 [n4(t) + n3(t)]; and c16 = c7 + c12; a constant.
Now, in order to find solutions for A;7 to Agg, Refer from eqs.(3.171), (3.174) and (3.187), we get 27 =
A + A4, and, further from the relation, with

A =m(t) + e Ay = n2(t) + ca.
gives
A7 = (b(t) +c17 (3215)

where ¢(t) = 3 [[i1(t) + 72(t)]dt is an another function of ¢ and (c17 = ¢1 4 ¢4, a constant)

From eqs.(3.171), (3.175) and (3.188), we get 2\;s = iA; — iAs, and, further from above relation, with

)\lznl(t)—l-cl; )\5:772(t)+c5.
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gives
Ag = (p(f) + Ci18 (3216)

where ¢(t) = 1 [[iny(t) — in2(t)]dt; and (c1s = c1 + ¢5, a constant).
Again, in order to find solutions for Ajg, from eqgs.(3.172), (3.174) and (3.189), we get 219 = ido — id4,

and, further from above relation, with
A2 =m(t) + c2; Ag=m2(t) + ca.
gives
Mg = x(t) + c10. (3.217)

where x(t) = & [[inu(t) — in2(t);]dt and c19 = ¢z + ¢4, a constant.
From eqs.(3.172) , (3.175) and (3.190), we get 2A20 = Ay + As, and, further from above relation, with

)\anl(t)-i-cl; )\5:772(t)+05.
gives
A20 = P(t) + c20. (3.218)

where ¢(t) = § [[1(t) + n2(t)]dt is an another function of ¢ and (cz9 = ¢z + ¢5, a constant)

Now to obtain solutions for (A2; to Aag) respectively as, from eqgs.(3.191 to 3.198), we obtain following

equations
’L'/.\Ql + /.\22 = 2(0&1/\7 — 1 A8 — @313 + Gz A4 — itz A5 + 013/\16) =0. (3219)
/.\23 + Z').\24 = 2(—0[3)\10 + g2 — a1 \13 F i A5 — i A g + 011)\16) =0. (3220)
).\25 — ’L'/.\QG = 2(0&1/\7 — 011)\8 - 043)\13 + i043/\14 - iag)\15 + 013/\16) =0. (3221)
/.\27 + 7:).\28 = 2i(—0¢3)\10 + agAia — a1 \13 + i A5 — i A g + 011)\16) =0. (3222)
since
A7 = Ag, Ao = Arz;andAiz = Ay = A5 = Aig = ().
or if we set

Xot = idoo = £(t); Aoz = —idas = 0(1)
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/.\25 = 7;).\26 = (;(t); /.\27 = —’L'/.\Qg = C(t) (3223)
which immediately gives
A1 = E&(t) +ca1, Aoz = —i(t) + c22; Aoz = 0(t) + coa, Aoy = —i0(t) + c29
Aog = 5(t)025, Aog = —ié(t) + ¢30; Aoy = C(t) + co2g, Aog = ’LC(t) + C32 (3224)

Similarly, to obtain solutions for (Agg to Ags) respectively as, refer from egs.(3.199 to 3.206), we obtain

following equations

/.\31 — Z.).\gz = —2(—2'043/\7 + dagAg + oA 13 + aodg — Qo5 — iaz)\lﬁ) =0. (3225)
).\29 + Z').\go = 2(—@2)\10 + aodia — agAi3 + g5 — tasAig + a3)\16) =0. (3.226)
/.\33 + Z').\34 = 2i(—0¢2)\10 + agA19 — ag\13 + iz A5 — g A g + 043)\16) =0. (3227)
/.\35 + 7:).\36 e —2(—2'043/\7 + dagAg + oA 13 + oy — Qo5 — iaz)\lﬁ) =0. (3228)
since
A7 = Ag, A0 = Arz;andAiz = Aig = A5 = Aig = n(1).
or if we set

Aag = —idgo = 4(t); g1 =ids2 = fut) sz = —idsa = p(t);  Ags = —idg = 5(2). (3.229)
which immediately gives

Xog = ¥(t) +c19, Ao = iy(t) + ca1; A31 = pu(t) +ca2, Az = —iu(t) + ca9

A33 = p(t)625, A3q = ip(t) + ¢30; A35 = U(t) + co2g, A3 = iU(t) + C32 (3230)

We have solved eqs.[(3.171) to (3.206)] in terms of arbitrary functions n’s, ¢, ¢, x,¥,&,6,0,(, 7, i, p
and o’s and complex constants, ¢;’s, (¢ = 1,....,36). If one put back these solutions for X\;, (i =
1,...,36) in eqgs. [(3.171) to (3.206)], we obtain a number of constraint relations among ¢;’s, and 7’s,
b, 0, X, ¥, £,0,0,(,7v, i, p and o’s, which limit the choices of these arbitrary complex quantities. If we set
cis = 0, then with the equations determining arbitrary functions n’s, ¢, ¢, x,¥,&,0,9,(, 7, 1, p and o’s

are written as

0 —iC =0, as(y —ip) + az(fu —ic) = 0; ijs — 4B+ — &+ i) =0,
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fr—6=0; i0+C=i(y+p); ia—4B(i0+C+7+p) =0,

=28 —p+6—iv+0+C—p+d)=0; ij+2pE—p+o+iv+0+C—jp—ic)=0,

X +da(y —iC+ip) =0, +4a(p+{) = 0,5 & —2B(im + i + @) + 2a(ing — i) +1) =0,

0 —2iB(¢p — ¢+ im) + 2ialin +7+m1) =0; 0 —2B8(ix + &+ 1) + 2a(iz + in+1n) =0,

C+ 2iB(i) — i + X) — 2ia(i) — i —ing) = 0; 4 — 2iB(ine + ¢ — iX) + 2ia(ing — in + 1) = 0,
A+ 2iB(iny + idp 4+ X) + 2ia(ing +in—0) =0;  p— 2iB (i — idp + @) + 2ialing + i +1n) = 0,
G 4 2iB(img + id + @) + 2ia(—inz + in + 1) = 0, (3.231)

Therefore, after substituting the solutions of A;’s in the eq.(3.66), the complex invariant for a two dimen-

sional complex oscillator becomes

1 1 1 1
I= iﬁl(pf + x%) + 5772(173 + 117421) + 5774(17% +p§) + 5773(5173 +p421) + n(z122 + p3pa + 2Pz + T1p4)

+E&(pips — ip1x1) + O(praa — ipipa) + 0(pszs — tx1x3) + ((ipaxs + xax3) + Y (ipaps + pazs)

+u(p3p2 — ix1p2) + p(ipazs + xoxa) + 0 (ip3Ta + T124) (3.232)

which conforms to condition eq.(3.66) in view of the Poisson bracket eq.(3.67). As pointed out in section
1, firstly the existence of an invariant for a dynamical system is questionable. If the invariant exists, then
its construction, in general, is a difficult task. Once it is constructed and becomes available then not
only its physical interpretation(s) but also its viability with regard to a better theoretical understanding
of a given phenomenon is often a problem. In spite of all this, the availability of a few or all invariants
for a dynamical system definitely offers insight into the finer details as far as an understanding of the
phenomenon is concerned. In this work a modest attempt has been made to obtain exact complex
second constant of motion of a two dimensional complex coupled harmonic oscillator on an extended
complex phase space. In coupled mechanical oscillator problems, the transfer of energy from one oscillator
to the other is attributed mainly to the zjxs-coupling term in the Hamiltonian. In the description
using equivalent versions (invariants) these features might manifest through some other terms may be
through the momentum-dependent ones. These complex invariants could be helpful to get some better

understanding of the dynamical systems.

3.3 Construction of complex invariants in three-dimensions

The method commonly used for TD systems in the literature is the direct method or rationalization
method. Although this method has been extended to 2D systems earlier [16], however, it turns out that
the degree of complexity for the 2D case further increases. Therefore, in the present work, we resort to
the dynamical algebraic approach which has so far been applied successfully either to one-dimensional

systems or to a restricted class of higher dimensional systems. To the best of our knowledge, this latter
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method has not been exploited thus far for the case of three-dimensional complex systems. However for
three-dimensional real systems an invariant was derived by Kausal et al [19]. In what follows we briefly
outline the essential steps of the dynamical algebraic method for the 3D case.

The method for three-dimensions

Consider a three-dimensional real phase space (x,y, 2, Pz, Py, P-), which may be transformed into a com-

plex space (x1,p1, X2, P2, T3, P3, T4, P4, L5, D5, L6, P6 ), by defining position and momenta variables as
T =x1+1ps; Y =2T2+1ips; 2z =T3+ips;
P =D1+iT4;  py =p2+irs;  p. = Pp3+iTe. (3.233)
the presence of variables (x4, x5, g, 4, D5, p6) in the above transformation eq.(3.233), are some sort of
coordinate-momentum interaction of the dynamical system. The Hamiltonian H(x,y, 2, ps, py, p-) of a

three-dimensional system in complex space can be expressed, it as H = Hy + iH». Using eq.(3.233), as

the complex Hamiltonian H (z,p,t) turns out to be

H = Z hn(t)rn(xlapla T2,P2,T3,P3,L4,P4,T5,P5, Iﬁapﬁ)a (3234)

where the set of functions {I'y, ....,[',,} are not explicitly time dependent and h,,(t) are complex coefficient

functions of time. The T',,’s in eq.(3.1) generate a closed dynamical algebra, implies

L, D] =Y ChuTy, (3.235)
l

However for three dimensional real systems Poison bracket turns out to be

0, T = o, or,, or,or, or,or, or,or, or,or, or,or,

Or Ops B Op, Ox + 8—y Opy Opy Oy + 0z Op- B dp, 0z

(3.236)

But to obtain complex invariant one has to find expression for PB in complex form. for that we have to

follow the eq.(3.233), from where one can easily get the following expression as

o_0 9. 0 _o .0
or 0x1 8[)4, 3px N 81)1 85173,
o_o0 o 9 _o0 .0
Ay Oxs  Opy’ dpy  Opy  Oxy’
6_90 ;0. 0 _09 ,9 (3.237)

Op. Ops Oz

The Hamilton’s equations of motion for complex H, eq.(??), can be written as

b o O OH, . OH, OH,
e Op1 Oy 7 pa = Op1 Oy '
5o O OH, . OH, OH,
‘- Op2 dxs’ bs = p2 dxs’
by OH, OH, . 0H, 0H, (3.238)

Ops * dxe ' bo = Opa Oz
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If the H, eq.(??), is an analytic function of complex variables, then H; and Hs satisfy the Cauchy-

Riemann conditions and after invoking such analyticity conditions, eq.(3.238) reduces

L LOH L OH . 0H, . OH

1= 8p1 y P1 = 8171 y L2 — 8p2 y P2 = 8$2 )

L _LOH L OH . OH, . 0H;

3 = 8p3 ; P3 = 8173 y L4 — 8p4 y Pa = 8$4 )

) 0H, . 0H, . 0H, . 0H,
_ e o0 GO L 0 3.239
Ts5 8p y Ps 8175 ; Te 8p6 ; De 8$6 ( )

Note that (z1,p1), (z2,p2), (z3,p3), (4,p4), (x5, p5), and (x6, ps) constitute canonical pairs.
Now consider a complex phase space function I(x,y, 2, Dz, Py, Pz, t) as I = I + il Thus for function I
to be the TD dynamical invariant of the system in complex phase space, then this must conform the

following invariance condition:

dl oI

—=—+[[,H]=0 3.240

= H] =0, (3:210)
where [.,.] is the Poisson bracket, which in view of the definition, eq.(3.233), turns out to be

[Aa B](m,p) = [Aa B](m1,p1) - Z[Av B](ml,m4) - Z[Aa B](p4,171) - [Aa B](p4,m4)

+[AvB](x27;D2) - i[AvB](m,z:s) - z'[AvB](;Ds,;Dz) - [AvB](ps,z:s)v

+[A, B] i[A, B), i[A, B] A, B] (3.241)

(z3,p3) — 3,T6) (p6,p3) — [ (pe,z6)-

which indicates that the computation of Poisson bracket in case of complex Hamiltonian systems becomes

a bit tedious.

3.3.1 Example

Consider a simple harmonic oscillator in three dimensions [20], whose Hamiltonian is given by

1 2
H = Slp; +p, +p] + %[:172 +y? + 2% (3.242)

Using eq.(3.233), the above Hamiltonian can be expressed as

1 1 1 1 1 1 .
H = 5?? - 5117421 + 51’% - 53:% + 51’% - 5332 + i[p124 + pows + p3xe + w? (T1pa + T2ps + T3p6)]
1 1 1 1 1 1
+o (308 - Do+ ot - gk 3k - 1ok
18
- Z hm(t)rm(x17p47x2;p5a r3,P6,P1,T4,P2,T5,P3, IG)) . (3243)
m=1

and the various I'’s and h(t)’s for the above complex H are given as

1 1 1 1 1 1
Ty=opis Te=gul; Ts=gpy Ta=gad; Ts=gpi  To=ag;
U7 =piwa;  Ts =paws; To=wxeps; 1o =x1pa; T = xops; T2 = x3pa;
1 1 1 1 1 1
i3 = 527%; Pu=gpy Tis=gra Tie=gps; Tir= 5173; g = ipczs- (3.244)
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with

hr =i,  hs=1i, hg =14,  hig=1iw?, hi1 =iw?, hiz =iw?

h13 = w2, h14 = —w2, h15 = w2, h16 = —w2, h17 = w2, hlg = —w2. (3245)

The dynamical algebra in this case is not closed. To find closure property for the above system, we add

twelve more phase space functions (I';)’s. The additional (I';)’s are as follow

o =pews; D20 =p3w3; Doy =p3ps; D22 = x3w6; Doz = x5ps5; [og = @255

TPos = w145 T'2g = pawa; oy = paps; T'ag = waps; T'ag = p1pa; T'z0 = pra1. (3.246)

with corresponding h;(t) = 0. Now in the light of Poisson bracket for complex systems, eq.(3.241), we
get large number of non-vanishing Poisson brackets, namely
I'1,Tho] = iT30 —T29; [['1,T13] = —T'30; [['1,T14] = il29; [['1,T25] = —T'7;
1, Tos] =il'7; [['1,Ta9] = 2ily; [I'1,T30] = —2il1;  [T2, T3] = il2s;
2, T1o] = a5 +il9s; [[2, 4] = Tag; [Tz, Tas] = 2iTs; [['2, Tag] = 2T
| =T7; [[2,T30] =il'7; [['3,T11] = =Tz +il26; [I's, ['15] = —T'o6;
s, T16] = il97; [['s, 23] = il's; [['s,T'24] = T's; [['s,'26] = —2I's; ['s, a7] = 2il's;
Ty, T11] = il23 + Toa; [T, T15] = Toa +il23; [Ta,T16] = Tos;
Iy, Tag] = 2Ty; [y, Tay] = 2iTy; 4, o] = il's; [[4,Da7] = —Ts;
| = —T21 4+ il'20; [[s5,T17] = —T20; [I's, [ig] = il21;
['s5,Tig] = +ilg; [[5,T20] = —2T'5; [['5,T'21] = 2il'5; [['5,22] = —To;
]
]
]
]
]
]
]
]

[

[

[

[

[

[

[

[

[

[

[ =2Is; [[6,T20] = iT9; [[6,T21] = To; [Ts, T22] = 2T6;

[['7,T10] = il29 + I'sg — T'ag +il25; [I'7, T3] = I'so — il'25; [['7, 4] = iT2g + ag;
[C7,Ta5] = ily — 2Ta; [Ty, Tag] = 205 + Tr; [T, Tag] = 2Ty + iT's; [T7,Ts0] = —7 + 20y
[, T'11] = il24 + Tag — Doz +il27; [I's,[15] = —Taa + il96; [I's, 16] = I'ag + a7,

[[s,Ta3] = Is 4+ 2il'4; [['s,['24] = il's — 2T'y; [['s, o] = —'s + 2il's; [['s, I'27] = il's + 2I's;
[Dg,T12] = iT21 + o0 — 19 +4l22; [Do,Ti7] = —Ta2 +il20; [T, T'1s] = il'1g + a1,

[ [[g,I'o0] = —T'g + 2iT's; [y, T'21] = 2I's 4+ il'g; [I'g, T'a2] = il'g — 2T';
[
[
[
[
[
[
[
[
[
[

= =
[ ©
Bl
=
[ %) ©
ot
Il
el
~.
=
(>}
+
\
o

]| = —il'i0 — 2T's; [T10; 28] = +2iC14 — T1o; [T10, 20] = 2014 — il0;
I'o,T30] = —2iT13 4+ T'io; [T'11, 23] = —2iT16 — Tix; [T Toa] = —ilis — 20153
I'11,T96] = —2i015 + Ty [Tir, Dor] = 26 — 40115 T2, Tig] = —2ils — Tio;
I12,T90] =12 — 2i017; [Ti2,To1] = 2TN1g — 12, [T12,Ta2] = —il12 — 2IN17;
I13,T95] = —2il3; 13, Tes] = —il'7; [Ti3, o] = Tio; [Tiz, [so] = 235
I'a,Tos] = —T17; [Cia,Tog] = 20145 [T1a, o] = —2iC14;  [T1a,Tao] = —iT10;
] [[15,T24] = —2iT'15; [[15,T26] = 2iT15;
] [C16, 23] = 2T'16; [Ti6, [26] = 2155 [Ti6, Dor] = —2il6;
I'7,T19] = —il12; [Ci7,T20] = 2T17; [Ti7,To1] =Tig; [Tir, Tog] = =207
| = —2T18; [[is, 0] = —il12 [Tis,I'21] = —2iT1s; [Tis, e2] = —Ti2 (3.247)

!
- —
&rl &rl
= =
[ V) [ V)
S0 W
[
R

Therefore, their use in eq.(1.11) yields the following set of Partial differential equations in A’s are :
).\1 = 4(iMag — )\30); ).\2 = —4(i)\25 + Aog)s (3.248)

)\3 = 4(i/\27 — /\26); )\4 = 4(i)\24 — /\23), (3249)
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As = 4(ida1 — Aa2); A = —4(idaz + Aio), (3.250)

A7 = 2(=Aa5 + idag — Aag — iXs0); As = 2(iXa3 + Aoy — idag — Aa7), (3.251)
Ao = 2(id19 — idao — Aoz — Aa1); Ao = 2w?(Nas — idag + Aag +iA30), (3.252)
A1 = 202 (idag — Mg + —idas + Aig); M2 = 2w (—idig + idao + Aot + Aaa), (3.253)
A3 = —4w?(idas — A30); A1a = 4w?(idag + Aas), (3.254)

A5 = —4w?(Aag — Aag); A = —4w?( Aoz — idar), (3.255)

A7 = 4w (Moo — iXa2); Mg = 4w? (Mg 4 ida1), (3.256)

Ao = 2w (N + iAo — iA12 + Ais), (3.257)

Ao = 2w% (A5 — idg + id12 — Ai7), (3.258)

Aot = 2w (ids + Ao — A1z 4+ i)ig), (3.259)

A2z = 2w?(—ide + Ao — A1z — id1s), (3.260)

Aoz = 202 (Mg +idg — id11 — Aig), (3.261)

Aoa = 2w (—idg + As — M1 — iAi5), (3.262)

Azs = 2w2 (A7 — idg — A1 — iA15), (3.263)

A26 = 2w? (Mg — iAs + iA11 — A15). (3.264)

Aoz = 202 (idz + s — M1 + i), (3.265)

Aag = 202 (id7 + Ag — iAo — A1a), (3.266)

).\29 = 2w2(i)\1 + A7 — Aig + i/\14), (3267)
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).\30 e 2w2(/\1 + iy + iAo — /\13). (3268)

In fact, to solve these 30 coupled PDEs for complex \’s is very difficult. Thus, here we make certain
choices for \’s which facilitate to find solutions of above equations.
From eqs. (3.248) and (3.250), we get 2i\; = Ay — Ay, and if we consider A; = ¢7 (a constant), further

A1 = A2 = n(t), which immediately gives
A =n(t) + ci; A2 = (t) + co. (3.269)

From egs.(3.249) and (3.251), we get 2iAg = Ay — A3, and if we consider A\g = ¢g (a constant), further

A4 = A3 = 0(t), which immediately gives
Ay = 0(t) + cq; Az = 0(t) + cs. (3.270)

Again from eqs. (3.250) and (3.252), we get 2idg = Ag — A5, and if we consider \g = ¢y (a constant),

further \¢ = A5 = ((t), which immediately gives
As = ((t) + cs; Ae = ((t) + cs. (3.271)

From eqs.(3.254) and (3.252), we get 2iAjp = —A13 + A4, and if we consider A9 = ¢19 (a constant),

further A\15 = A4 = d(t), which immediately gives
A3 = 5(t> + c13; A4 = 5(t> + C14. (3272)

Again from egs. (3.255) and (3.253), we get 2iA11 = Mg + A15, and if we consider A1 = c11 (a constant),

further —\16 = A15 = v(t), which immediately gives
A5 = V(t) + c15; A = —v(t) + c16. (3.273)

From eqs.(3.256) and (3.253), we get 2i\1 = /'\18 - /.\17, and if we consider 12 = ¢12 (a constant), further

A17 = A1s = £(t), which immediately gives
A7 =¢&(t) +ar A1s = &(t) + cus. (3.274)

Now for finding the solutions of A9 and Aga, subtract i times eq.(3.260) from eq.(3.257) and after using
eq.(3.271), we get
Aoz — ihig = 2i(Ai7 4+ \ig)

or
iAoz 4+ Ao = —2(26 + ¢17 + c18). (3.275)
On the other hand, time derivative of eq.(3.250) is written as

A6 = 4(—idi7 + Ais) = ¢. (3.276)



3.3 Construction of complex invariants in three-dimensions 126

Hence using eq.(3.275) and (3.276), one immediately get
1 .
Ag = —§(¢—801)+019. (3.277)
and
i
Aog = g((b — 801) + ca2, (3278)

where o1 = [(2£(t) + c17 + c15)dt.

Similarly, from eq.(3.259-3.268), we obtain solutions for (Aag — A3g) respectively as

i

Aog = —§(¢—801)+020. (3.279)
1.

o1 = §(¢+80'1) =+ C21. (3280)
.

)\23 = g(X — 80’2) + Co3. (3281)
1, .

Aoy = g(X-FSUQ) + co4., (3.282)
1 .

Ao = g(UJ + 80’3) =+ Co5. (3283)
.

Aog = —g(X — 80’2) + Cog.- (3284)
1, .

Aoy = g(X + 802) + cor. (3.285)
i

Aog = g(w — 803) + cos. (3.286)
1.

Aog = g(f + 80’3) + Co9. (3287)
1 .

A3p = g(w + 803) + c30. (3.288)

where oy = [(2v(t) + 15 + c16)dt and o3 = [(28(t) + c13 + c14)dt.

Solutions from eqs.[(3.248)-(3.268)] in terms of arbitrary functions ¢, x, 1, d, v, £ contains a lot of complex
constants, ¢;’s, (i = 1,....,30). If one put back these solutions for \;, (: = 1,....,30) in eqs.[(3.248)-
(3.268)], we obtain a number of restraint among these ¢;’s, and ¢, x, ¥, d, v, £, which limit the choices of

these arbitrary complex quantities. If we set all ¢}s = 0, then these relations are written as

é+ 16w2p = 0; § + 16w = 0; ¢ + 16wy = 0;

6+ 16w? = 0; 4 16w’v = 0; € + 16w = 0. (3.289)
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If we set all ¢;’s equal to zero, then the solutions (for w = 1) to these equations can be written as

Therefore, after substituting the solutions of \;’s in the eq.(3.66), the complex invariant for a three-

dimensional complex oscillator becomes

2 2

1 1 1 1 1 1
= Sn(pt +23) + 5003 + 3) + 5C(05 + 28) + 50 +pi) + Sv(23 +p5) + €5 + p)
i, 1, . i
+5(0 = 801) (2326 — p3ze) — (& + 801)(23ps + z6ps)

v,
- g(X — 802) (w225 — paps)

1,. )
—g(X + 809)(p2x2 + psxs) + = (£ — 803)(x124 — P1P4)

3 (€ + 803) (paza + pr1). (3.290)

!
8

which conforms to condition eq.(3.66) in view of the PB.
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Chapter 4

Invariants for Classical and
Quantum Dynamical Systems

In classical mechanics, integrable systems are of interest, because they have regular trajectories. Indeed,
their motion is restricted to a torus in phase space. Superintegrable systems are even more regular.
Trajectories are completely determined by the values of the 2n — 1 integrals of motion. In particular,
all bounded trajectories are periodic, as in the case of the harmonic oscillator, or Kepler problem. In
quantum mechanics, integrability, i.e., the existence of n integrals of motion, provides a complete set of
quantum numbers, characterizing the system. Moreover, it simplifies the calculation of energy levels and
wave functions. Superintegrability, in all cases studied so far, bring about exact solvability. This means
that energy levels in superintegrable systems can be calculated algebraically, i.e., they satisfy algebraic

rather than transcendental equations.

As it has been already mention in the thesis that, there have been considerable efforts in exploring
the method of construction of these invariants for both time independent and time dependent systems
in recent years. Although several attempts have been made for the study of one and higher dimensional
systems. However, the study of higher dimensional system seems to be rather more difficult for Hamil-
tonian system. Here the study of the invariants in higher order, particularly for two dimensional time
independent system (TID) and time dependent system (TD) is carried out. In chapter number one differ-
ent methods for construction of invariants are discussed. For the construction of invariants or constants
of motion, there have been many mathematical methods developed in the past. But there is no such
method which have universal character, and in most of the cases to obtain concrete results one or more
adhoc assumptions are to be made. Here in thesis, we describe only a few methods for construction of

invariants of desired order for both classical and quantum dynamical systems.
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4.1 Classical Systems

Many situations arise in different branches of theoretical science where the role of real and complex
Hamiltonian becomes desirable, but only a few complex systems have been identified which have their
role in explaining the physical phenomenon (In most of them only the momentum becomes complex).
Complex invariants, corresponding to Hamiltonian have been searched by many authors [3, 4] but their
physical significance have been highlighted in some branches of physics. Some complex invariants have

been searched by Jarmo Heitarienta in which integrable hamiltonian systems of type

2 2
H=2 104 v(y) (4.1)

where V' is a polynomial in « and y of degree 5 or less are taken (both homogeneous and non-
homogeneous). The second invariant are found to be of a polynomial in p, and p, of order 4 or less.
Complex invariants that are linear in position and momentum have also been discussed [3] for a TD
classical quadratic oscillator. Each pair of (real and complex) invariants realize explicitly a canonical
transformation from the phase space to the invariant space, in which the action-phase variables are de-
fined.

Even though it is mentioned in section 2.4 of Chapter two that the classical invariant in two dimension
of fourth order are obtained but choice of potential may trivialize the problem. Obtaining invariant for
nonseparable potential as a new material for the thesis may be possible, but it is beyond the scope of
thesis. Invariants corresponding to these potentials are possible, if we make the coordinate transforma-
tion for Hamiltonian into spherical polar coordinate and try to calculate the corresponding invariants
for both classical and quantum dynamical systems. However we considered some potentials which are
nonseparable such as coulomb potential, kepler potential and their combination to diversify the problem
and to obtain new result.

We tried to calculate the invariant for the potential that are nonseparable, but we found the calculation
going to be very tedious and did not work out in the present formulation.

However the choice of potential that are separable will not trivialize the problem. To support this claim,

we can observe that following systems studied by Fokas [1]. A nonseparable Hamiltonian of form

H— @ + (a2 —y?)3 (4.2)
and invariant for this system is given by
I'= (P2 +p2)(apy — yps) — Alyps + 2py) (2 —y?) 75
Simultaneously he studied another separable form of Hamiltonian
H= @ + Az? + By? (4.3)
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has the invariant for this system is given by
I = (yp2 —ap?)® + (B — A)p2 + 22" + 20%y® + 242

Here we can observe that though the Hamiltonian is separable in one dimension but the the invariant

obtained is in two dimension i.e. non-trivial case. Hietarinta [2] studied well known Hamiltonian of form

2 2 2 2

Pz +p x Y
H="2:2‘"Y4- 4+ Z 4.4
2 +2+18 (44)

And invariant for this system is given by

¥’pe  wyPpy

27 3

I =p2(xpy — ypa) +

Here we can observe that though the Hamiltonian is separable in one dimension but the the invariant
obtained is in two dimension i.e. non-trivial case. To conform further we take example of Toda type

Hamiltonian is given by

Pt

H
2

+e¥+er Y (4.5)
And invariant for this system is given by
I = pipz + 2eypi —2e" Vpupy + €272 4 97

Again Here we can observe the invariant obtained is in two dimension i.e. non-trivial case. Hamiltonian

of form

vty

H
2

+(2? —y?)° (4.6)
And invariant for this system is given by

I'=ype — xpy
4.2 Some Applications of Dynamical Invariant

The invariants when defined in a broader sense play an important role in the domains of a variety of
fields. In particular, the invariants are capable of finding the solution of equation of motion, can reduce
some nonlinear problems to a quadrature, to reduce the order of differential equations [3], for testing
stability of differential equations (onset of chaos) [4] and to assess the accuracy of numerical simulations
of TD systems [5]. Also the higher order invariants provide the internal symmetry of physical systems
particularly in molecular dynamics [6].

In the following sections, we discuss some situations where the invariants have played their distinctive

role in classical dynamical systems.



4.2 Some Applications of Dynamical Invariant 133

4.2.1 Applications to Classical Systems

Direct Validation Technique For Numerical Simulations

Computer simulations have become an indispensable tool for studies of the physics of dynamical systems.
To achieve an appropriate level of confidence in the simulation results, accuracy assessments must be
conceived as an integral part of the simulation strategies. A common indirect validation method is to
cross-check the results of commensurable simulation codes against each other. Furthermore, the simula-
tion results of particularly chosen scenarios may be compared against analytical models.

With the knowledge of invariant of time-dependent Hamiltonian systems for we present a direct tech-
nique for the error assessment of numerical simulations of time-dependent Hamiltonian systems. The
method is based on an invariant I that has been shown to exist for the Hamiltonian systems with general
time-dependent potentials [1, 2]. Because of the generally limited accuracy of numerical methods, this
invariant I can never be realized strictly in numerical simulations. The relative deviation of a numerically
calculated invariant I(t) from the exact invariant Iy = I(0) may then be taken as the error estimation
for the respective simulation. In this sense, the direct error assessment technique can be regarded as a
generalization of a validation method that is applicable for autonomous (time-independent) Hamiltonian
systems. For these cases, the Hamiltonian H itself represents an invariant. Accordingly, the relative
deviation of H(t) from Hj in the simulation is commonly used as an accuracy criterion. We apply this
approach to estimate the accuracy of a simulation of a one-dimensional Hamiltonian system. Now, we
work out the invariant and the auxiliary equation in the particular form pertaining to this Hamiltonian
system.

The method for construction of exact invariants for TD classical Hamiltonians systems is already dis-
cussed in section 1.5 of chapter 1.

Example. 1

1. Time-dependent damped asymmetric spring

As a simple example, we investigate the one-dimensional nonlinear system of a time-dependent damped

asymmetric spring.Its Hamiltonian is defined by
H= %e*F(t)p2 + [@xz + a(t)z’]ef®.
Writing f(t) = F(t), the equation of motion follows as
i=pe PO G4 f()d + w0 (t)z + 3a(t)z? = 0. (4.7)

The invariant I is immediately found using above method and writing the general invariant for one degree

of freedom with the Hamiltonian H given by

I= %esz [f2d? — fowd + wz{%f'z + %fzf(f) + fow?(t) + 2z f2a(t)}]. (4.8)
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The function fy(¢) for this particular case is given as a solution of the linear third-order ordinary differ-

ential equation

F43F0t) + fof () + 2f2f2(t) + 4 f20?(t) + Afaf (t)w?(t) + 4 fawio(t)

+22(t)[2f2a(t) f(t) + 5f2a(t)] = 0 (4.9)

Since the particle trajectory x = x(t) is explicitly contained in Eq. (4.9), the solution f2(¢) can only be
obtained integrating Eq.(4.9) simultaneously with the equation of motion (4.7). We may easily convince
ourselves that I is indeed a conserved quantity. Calculating the total time derivative of Eq. (4.8), and
inserting the equation of motion (4.7), we end up with Eq. (4.9), which is fulfilled by definition of f5(t)

for the given trajectory @ = x(t).

The third-order equation (4.9) may be converted into a coupled set of first- and second-order equations.

The second order equation

f2- i + fof (t) + 2fow?(t) = g””—(t)e—”“) (4.10)
2f2 fo

is equivalent to Eq. (4.9) if the time derivative of g, (t), introduced in Eq. (4.10), is given by
9a(t) = —22(t) f2e2" D (2 f2a + 4 f2af + 5 f2a). (4.11)

With the help of the auxiliary equation (4.10), the invariant (4.8) may be expressed in the alternative

form
o2F (1)
2f2

The existence of a constant of motion I for general explicitly time-dependent Hamiltonian systems

2
ngg'c — %fgx) + 223 f3(H)a(t)| + %ﬁ?ﬁ. (4.12)

I =

has been shown to be useful to check the accuracy of numerical simulations of this class of dynamical
systems.

Example. 2 Time-dependent anharmonic undamped one-dimensional oscillator.

As a second example, we investigate the one-dimensional non-linear system of a time-dependent anhar-

monic oscillator without damping, defined by the Hamiltonian

1 1
H = 5]92 + §w2(t)q2 +a(t)g® +b(t)g* : (4.13)

The associated equation of motion is given by
g=p; G+wi(t)e® +alt)g’ +b(t)g" =0: (4.14)

Again, the invariant is immediately obtained writing the general invariant for one dimension.

I= %f(t) @+ W (t)g® +2a(t)g® + 2b(t)g* | — %f(t)qq + if'(t)qz (4.15)



4.3 Quantum Systems 135

For this particular case, the linear third-order equation for the auxiliary function f(t) reads
F+4fw?(t) + Afwio + w2q(t)[2fa+ 5fa] + 4% (1) [fb+ 3fb] = 0 (4.16)

which follows from the general form of Eq. (4.9). We observe that . in contrast to the previous linear
example . the particle trajectory ¢ = ¢(¢) is explicitly contained in in the related auxiliary Eq. (4.16).
Consequently, the integral function f(¢) can only be determined if Eq. (4.16) is integrated simultaneously
with the equation of motion (4.14). We may directly convince ourselves that I is indeed a conserved
quantity. Calculating the total time derivative of Eq. (4.15), and inserting the equation of motion (4.14),
we end up with Eq. (4.16), which is fulfilled by definition of f(t) for the given trajectory ¢ = q(t).
The third-order differential Eq. (4.16) may be converted into a coupled set of first- and second-order

equations. It is easily shown that the non-linear second-order equation

£i =35+ 220 = (0 (117

is equivalent to Eq. (4.16), provided that the time derivative of the function g(t), introduced in Eq.
(4.16), is given by

§(t) = —2q(t) f[2fa + 5fa] — 4¢°(t) f1fb + 3 fb]. (4.18)

With the help of the auxiliary equation in the form of Eq. (4.16), the invariant (4.16) may be expressed
equivalently as
(2

t
4fq2+2faq3+2qu4 +g()q2 (4.19)

I=3|fd" = faq+ 0

1
2
Having numerically integrated the equations of motion, the systems auxiliary equation can be numerically
calculated, and the numerical value of the invariant I(¢) be obtained thereof. The relative deviation %
of I(t) from the exact invariant Iy defined by the initial conditions can then be used as a measure for
the accuracy of the respective simulation. Comparing simulation runs with different parameters, such as
the number of macro-particles, the time step size, details of the numerical algorithm used to integrate

the equations of motion, we may straightforwardly check whether the overall accuracy of our particular

simulation has been improved or not.

4.3 Quantum Systems

In the quantum case, this was shown distinctly by Lewis and Riesenfeld [9], whose method was generalized
and applied to different problems in numerous publications. A quantum integral of motion is defined
usually as an operator whose average value (1)(t)|1(t)[(t)) does not depend on time for any state [¢(t))

obeying the Schrodinger equation. I (t) satisfies the equation ihol /ot = [ﬁ v ], therefore its explicit form
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depends on the form of the Hamilton operator H (which is supposed to be Hermitian).

Let us now consider the quantum (SHO) system whose Hamiltonian is given as,

1
H = %[pQ + W(t)2172].

where p and = are now required to satisfy the commutation relation [z, p] = ih.
We also take p to be real, which is possible if w?(t) is real. Using the commutation relation and the
equation for p, it is easy to show that the quantity I which is an invariant of the classical system is also

a quantum mechanical constant of the motion. That is, I satisfies

ar  or 1
= T L H =0,

Therefore, I has eigen states whose eigenvalues are time independent. These eigen states and eigenvalues
of I can be found by a method that is completely analogous to the method introduced by Dirac for
finding the eigen states and eigenvalues of the Hamiltonian of a harmonic oscillator. It seems natural
to apply to the definition of classical integrability Dirac’s prescription of replacing- Poisson brackets by

commutators of corresponding quantum operators

in order to introduce the notion of quantum integrability.
For example, in the simplest cases of a quantum harmonic oscillator with a time-dependent frequency w(t)
or a charged particle moving in a time-dependent homogeneous magnetic field, one has linear integrals

of motion of the form
A(t) = u(t)p — u(t)z

where u(t) is a solution to the classical equation ii(t) + w?(t)u = 0 (here h = m = 1). Depending on the
choice of the concrete solution u(t), eigen states of the operator. A(t) may be either generalized coherent
states, or squeezed correlated states, or propagators in various representations.

Integrability of a quantum system often manifests itself in the form of classical integrability for a related,
usually discrete system. The question of whether quantum integrability is a consequence of classical inte-
grability has been continual and is still unanswered in full generality. Against the belief that the classical
integrability of a system implies its quantum integrability in a inconsequential manner, investigations
[9, 10] have shown that this indeed is not the case and therefore classical integrable (CI) systems are
not necessarily be quantum integrable (QI). The comparison between classical and quantum integrability
becomes easier if we represent the quantum operators by c¢-numbers [11] because classical and quantum
mechanics are not algebraic isomorphic. Differences are bound to appear somewhere even if one uses the

c-numbers in both. Indeed, the commutator becomes the Moyal bracket [12], which reduces to Poisson
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bracket only when % — 0. It has been observed that if classical invariants are second order in momenta,
a straightforward quantization be good enough to give commuting operators. However, not all invariants
are p-quadratic and for some of them no linear quantization procedure can lead to commuting operators.
It has turned out that, even in these cases, one can obtain quantum integrability by adding suitable quan-
tum corrective terms [13, 14], which are explicitly i dependent, to both the invariant and Hamiltonian.
In this chapter we intend to construct the quantum invariants of a set of potentials with second order
quantum corrections O(h?) in two and three dimensions [15]. The correspondence rules are characterized
by a function of 2n variables F(z,y) . The formal integral used to demonstrate these correspondence

rules between the c-number A(p, ¢) and the quantum operator 121(13, q) is given by

Ap,q) = /d"qd"pd":vd"y(%h)‘%f(:v, y)Ar(p, q) expli{z.(p —p) +y.(G — q)}/h], (4.20)

where the label F to A indicates that the operator A is fixed and A #(p,q) will be different for different
F(x,y). Hietarinta [9] described in his work as once the correspondence is given, the relation between
the operators A, [;’,(f in the form

[A, B] = ihC,
can be translated into the corresponding c-number representations A, B, C for Wingre-Weyl ordering rule
(F =1) as from the Moyal bracket the expansion of sine function.

The notion of this concept is more transparent at the classical level in the spirit of Liouville’s theorem,
at the levels of quantum mechanics and field theory, however it requires further investigations. The
classical integrability of a system entails its quantum integrability in a trivial manner, investigations
have shown that this indeed is not the case. It is already mentioned in chapter one, for constructing
the quantum invariant of a system from the corresponding classical one, the quantum corrections arising
from the terms involving % in the expansion of the sine function in eq.(1.2) need to be calculated. It can
be seen from eq.(1.2) that in the lowest order in the power of %, the Moyal bracket {A, B}yp = A A B
which is just Poisson bracket [A, B]pp. It is also mentioned that if the second invariant is at most of
second order in momenta then Moyal bracket exactly reduces to the Poisson bracket and the classical and
quantum invariant turn out to be identical. For cubic and higher order invariants however, the quantum
corrections arise and only after these corrections a classical invariant becomes quantum invariant in the
spirit of Moyal bracket. These corrections are obtained upto O(%?). Several authors [11, 16] have studied
the comparison of Classical integrability and Quantum integrability. Their studies reveals the problem of
quantum integrability with quantum corrections. Keeping in view we plan to study the higher order i.e.
upto fourth order quantum invariant after making necessary quantum corrections to the corresponding
classical invariant. In this section, we discuss the method to construct quantum invariant after making

. 2 . . . .
necessary second order corrections O(%°) to the corresponding classical invariant.
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4.4 Quantum invariants in two dimensions

In the second chapter third order classical invariants have been worked out for two dimensions by using
the rationalization method. Now we introduce Moyal’s bracket to construct quantum invariants to the
corresponding classical invariants with some corrections.

The method

For a dynamical system, the Hamiltonian is given by

1
5 (0% +p3) + V1, x2). (4.21)

H = 3

The invariant of the system is obtained from dI/dt = [I, H]pp = 0, where the Poisson bracket of n

canonical coordinates and momenta is as follows

[zi, 5] = dij,
whereas for the quantum case, we write
[, 5;] = ihdi;, i = 0,
and
by = =ingt.

Quantum invariant is obtained from the expression
dI ={I,H}upB =0. (4.22)
The Moyal bracket {A, B} g for two functions A and B is given as
(A, Byup = (2/h)Asin((1/2)h N)B

AN B~ (1/2002A N B+ (1/1920)%A A B + .., (4.23)

in which A is given by

o &[98 98

=3 oo~ anon)
For quantum integrability it is required that the Moyal bracket of H and I vanishes. Since invariant
I is fourth order in p, described in eq.(2.235), then the second term in eq.(4.23) might contribute for
quantum invariant. As Hamiltonian is order of p?, therefore 93,929, and 9,07 all annihilate it and the

only contribution comes out

‘ﬁ§< ) <Z oz, 3pz> V(@) (pi; i), (4.24)

Therefore, in quantum case the eqs.(2.172)-(4.11) remain unchanged, but egs.(4.12) and (4.13) required

to be modified for construction of fourth order invariants as

hz
Oy fo = —I[4fla;’>v + 312020,V + 2f30,0,V + f10.V]2f60.V + f70,V, (4.25)
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h2
4

Oy fo = [f202V + 2f3020,V + 3f10,0,V + 4fs05V] + f10.V + 2fs0,V, (4.26)

If the Hamiltonian in eq.(4.22) is classically integrable and has the second invariant of type eq.(2.171) and

satisfies the following conditions

Af103V + 3f2050,V + 2f30,0,V + f105V =0, (4.27)

200V + 213020,V + 3[10,00V + A4 f505V =0, (4.28)

then the corresponding quantum Hamiltonian is also integrable without any quantum corrections.
If eqs.(4.27) and (4.28) do not hold, it might be possible to solve for fo from eqs.(4.25) and (4.26), if

the %2 terms satisfy the following integrability condition
Oy[A 103V + 3[2020,V + 2f30,0,V + f205V] = 0 [ 205V + 2f3070,V + 3f10,0,V + Af505V], (4.29)

then, we write

fo(Quantum) = fo(classical) + h*Ag fo, (4.30)
So the quantum correction to I would be Agl = h2AQf9.
Hence
I(Quantum) = I(Classical) + h*Ag fo. (4.31)

The coefficient fg can be solved from the following two equations

Ouq fo = —=[4f103V + 32020,V + 2f30,00V + f205V], (4.32)

1
4

1
OyAgfo = —Z[fzagv + 23020,V + 3f10,0,V + Af;05V]. (4.33)

4.4.1 TIllustrative examples

1. First example (Inverse square potential or coulomb)

Here we study the construction of quantum invariants with making necessary quantum corrections to the
corresponding classical invariant for the same potential already obtained in classical integrable systems.
Here we consider the potentials which are separable in addition. Consider the potential, V(z,y) =
272 4+ y~2. The above potential satisfies the eq.(4.29) and hence quantum invariant can be obtained
by computing correction term Agfo. To find this, substitute the above potential and the value of
coefficients  f; - f5 from eqs.(2.208) to (2.212) in eq.(4.9) and (4.10), we get two expressions
for Agfy as

Ag fo = —6eax ™ y? — 6002’y + k1 (y), (4.34)
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Aqfy = —6esx™ y® — 6o0z’y ™ + ka(), (4.35)

where ki(y) and ko(z) are integration constants, which are being utilized to find the unique solution

for Agfy. Hence we get
Agfo = —6egry? — 6oga’y 4, (4.36)
and corresponding quantum invariant for the becomes
Ig = Ic + h?[—6eax™4y* — 6oga®y 4] (4.37)

2. Second example (square plus Inverse square potential)

Consider the quadratic plus inverse quadratic potential, V(z,y) = 2% + y? + 272 + y~=2. The above
potential satisfies the eq.(2.176) and hence quantum invariant can be obtained by computing correction
term  Agfo. To find this, substitute the above potential and the value of coeflicients f; - f5 from
eqs.(2.208) to (2.212) in eq.(4.9) and (4.10),

we get two expression for Agfy as

Agfo = —6egz 4yt — —6eoaty ™ + K, (y), (4.38)

Aqfy = —6egr ™yt — —6eoa’y ™" + ky(x), (4.39)

where ki(y) and k,(z) are integration constants, which are being utilized to find the unique solution

for Aqfo. Hence we get
Agfo = —6egr*y* — 6oty ™?, (4.40)
and corresponding quantum invariant for the becomes
Ig = Ic + h?[—6eox*y* — 6eoay ™. (4.41)

In this above section we have studied the connection between classical integrability and quantum integra-
bility. For quantum operators we used c-number representative. For the two degrees of freedom system
that are studied in this chapter, we found the following types of relationships between the classical in-
variant and c-number representative of the quantum operator:

(1) They are identical in ordering rules,

(2) O(h?) corrections are needed for quantum case.

It is worth to note that the classical integrable systems are very few in number and may be even fewer for
quantum solvable cases. The results obtained may be useful in the study of quantum aspects of Hamilto-
nian systems. In higher order calculation, the construction of invariants for systems with two dimensions

becomes a tedious exercise because of the elevated number of algebraic equations to be manipulated.
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